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(k,) Translational vibration

e \Vibration mass without damping

1) By D’Alembert principle - , k% j
mX +kX =mg + £.(¢) _L[}fﬁ

m| ""1 3

¥m i X i | Hw
2) By Lagrange equation mg
a) For Xis measured from the state of
the spring and is used as the
V= , T:% X%, L=T-V
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(m) Translational vibration (cont.)

The Lagrange equation of motion Is:
d( oL _&_L_Q
d\ox ) ox

b) For xis measured from the
state of the mass.

X=I+x where ( equilibrium)

1 )
V = T:Emﬁ,l¥:x

p.3 OFu, 1 2= 9 % %



(m) Translational vibration (cont.)

The Lagrange equation of motion becomes:
mx +kx+kl —mg = f.(¢)

Note:

® FF"'Bé*llﬁq’L";/\ 53/’73}7%@,:“ %u o

@ There Is no need to consider

® Itleads to a EOM only when the

terms involved are all

@ The potential energy can also take the
following simple form:

p.4 OFu, 1 2= F % %



(m) Translational vibration (cont.)

e Vibration mass with damping

For b Is the damping
coefficient and the damping
force is proportional to the

The Lagrange equation of motion is:

p.5 OFu, 1 2= 9 % %



(k,) Translational vibration (cont.)

e Two mass vibration without damping
1) The responses of a two-mass system

without damping to a force:
The system can represent a simplified 1-D
model of a
a) machine my , L ’
rigid & supported by &, e
b) machine =] o
m, . fastened by £, n ,,

on the frame m;,

=
-
IR
h o
3

OFu, 1 fe: 2 9 5%



Translational vibration (cont.)

Since x; & x, are defined from the
equilibrium positions of m; & m,
T:%ml)'cf

1. >
V =—kx
2 1°*1

¢ Remove the potential energy of gravity
due to the definitions of x; & x,

Oy =
O, =

p.7 OFu, 1 2= ¥ 5% %



(m) Translational vibration (cont.)

T

<

ne Lagrange equations of motion are:

( .o
nﬁx1+

|[myX, +

% The transient responses will decay in a

very short time so that the
operation Is the dominant mode.

The steady state solutions of x, & x, are
obtained by assuming:

OFu, 1 fe: 2 9 5%



Translational vibration (cont.)

Insert them into the EOM, yields

2
1+E_[£j Xl_
k, 2]

o)
- X, + 1—(— X, =
@, ) |

OFu, 1 fe: 2 9 5%



Translational vibration (cont.)

% w,&w, are the natural frequencies of
the mass-spring systems
when each Is mounted on a stationary
frame,

Solutions of the amplitudes are:

p-10 OFu, 1 22 R F % %



_) Translational vibration (cont.)

2) The “absorbing” effect -

.'n[:} | I I
!HE mz
]

X, =
k ko T ka(x) - x3)
oo, T
2 k, 0 .rgm_T_ lfcgu:;i.m
é T
. . F,
% Physical meaning:
kX, sinw,t 3
F, sin w,t

p-11 ©OFu, 1 4237 § % %



(m) Translational vibration (cont.)

p.12

.". The displacement of m, Is

with the applied force so does the
transmitted spring force. The applied
force Is “ ” by the moving mass
, leaving no force to excite the frame m,.

- acts as a vibration absorber to
remove the troublesome

of a machine with the expense
of introducing

-> reduce vibration by
rather than consuming

OFu, 1 fe: 2 9 5%



(u) Translational vibration (cont.)

3) The natural frequencies of the system:

By setting the of the steady

state amplitudes , the result is the
equations and its solutions

yield the system natural frequencies:

p.13 OFu, 1 3= 9 % %



(«) Translational vibration (cont.)
if
The above equation is simplified to

8 i |
L
For r<<l 5 i E:.
I
@ 5, .H. i
= “ I
& PR e
(AN AA
10— 08 ‘;‘/1.25 \\.‘_*_
. If A 20,2, ] . ——

|

|

_

= -

p.14



p.15

Translational vibration (cont.)

< Characteristics of the system:
a) As , operation range

b) Most effective when the
operation frequency is

c) Rapidly pass through the natural
frequency & avoid overrunning into the
one.

d) Each of the resonance is the result of a
particular mass making its contribution
through one of its

OFu, 1 fe: 2 9 5%



(M) Translational vibration (cont.)

e) The characteristic equation is a
system and

of how the system being excited.

- can also obtained from the
differential equations

Assume the solutions to the
homogeneous equations are:

x, = A, sin(wt + ¢,) }

x, = A, sin(wt + ¢, )
regardless of the £, (¢)form

p.16 OFu, 1 3= 9 % %



(M) Translational vibration (cont.)

p.17

A common ratio of can only be
obtained for specific values of
which are the natural frequencies of
the system.

OFu, 1 fe: 2 9 5%



(k) Translational vibration (cont.)

k,
Al k 1

2
ky Wy

% Can also be treated geometrically and
In a matrix form so that:

4
A,
The natural frequencies:

p.18 OFu, 1 3= # % %



(”) Translational vibration (cont.)

e Two mass vibration with damping

1) Assumptions :

a) The system excludes the
supporting

- They are regarded as

——— ——— — i —

p.19

— e — e — —

& mass-
layers.
forces.

2

7

Rest System ﬁ

y boundary f,

12—31—-—-— E;
_____ ———_P

&, T T T -~ K, ‘u?

“

AAAA- AMW———F

~ 'i;_. . m. r b -= "

J 1|T \'L_ H-‘(f ‘ﬂ 2 A

R —= - %

7

Lubricated layers

OFu, 1 2= ¥ 5% %



(m) Translational vibration (cont.)

b) Masses move

- Fluid films can be treated as linear viscous

damping as follows:

du
shear stress 7=u—=

dy
F=1t-Aecv > F =

C) Xx,, x, are measured from the positions when

2) Lagrange terms

1 1
T=—m1)'c12 +§m25c22 V =

p.20 OFu, 1 3= 9 % %



(N) Translational vibration (cont.)

G. C.:

o8
o

3) Lagrange equations of motion

d (oL _a_L_Q d( oL _a_L_Q
de\ox,) ox, ~*  dt\ox,) ox, ~°

m, X, +171(551 _562)4'
m,X, +b1(x2 _xl)"'

p.21 OFu, 1 3= 9 % %



(k,) Torsional vibration

e Basic system elements
1) disk : used to store
2) shaft : used to store

e Physical configuration vs. mass
model

Mt
sl

Bearings Shaft T (0 T, (1
T, (1) / \ 3 f y T
w4 / a4 4
L ( —f |l i \ (wr ( ( —asn000—
T, (0 7 EJ Al o ) 9, 1

T~ Disks / J

p.22 OFu, 1 3= 9 % %



(N) Torsional vibration (cont.)
e Lagrange analysis
KE.: T'=
PE.: V=

If 6,,6,6, are measured from rest.
G.C.:

The Lagrange EOMs:
a) For 60,, Q,, =

p.23 OFu, 1 3= 9 % %



(k_) Torsional vibration (cont.)

b) For 6, O, =
c) For 6,, Q, =

s The number of EOMs can be reduced by
substituting a) into b) & obtain:

[1‘§1 +k12(‘91 _‘92):
[26;2 +k12(82 _‘91):

p.24 OFu, 1 fe: =it § 5% %



(N) Torsional vibration (cont.)

1) For the case of

The above equations can be decoupled by
adding and subtracting processes

(@)+(b) 1(6,+6,)=
(@)-(b) 1(6,-6,)+
¢ =06,+0,
9, =6,-0,

Let

(Decoupled equations)

p.25 OFu, 1 3= 9 % %



(M) Torsional vibration (cont.)

From the homogeneous solutions to see its
natural frequencies

¢, =y

. |2k
@, = C,, SiN [12t

.. Two natural frequencies are:

a) For the initial conditions of

(A4 % B ~ A4k F B AR )

p.26 OFu, 1 3= 9 % %
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p.27

Torsional vibration (cont.)

¢,(0) = c;1= 6,(0) + 6,(0) = constant
$,(0) = = 6(0) — 6,(0) = 0

¢1 —

¢2 —
6,(1)=0,(1)=

- motion occurs, both disks
rotate at the speed.

- No energy is stored in & the

whole system rotates

OFu, 1 fe: 2 9 5%



D Torsional vibration (cont.)

b) For initial conditions of:

(A4 BAPIE ~ 424023k B 7 4P )
¢1 :[é1(0)+‘92(0)]t

6,(0)+6,(0)

¢2:[ ]

p.28 ©OFu, 1 #2375 3 % %



Torsional vibration (cont.)

_E : : 91(0)+92(0) - 2k12
91—2[91(0)+6'2(0)]t+[ o Isin. [ <22

/

0, = % [‘91 (O)+ ‘92 (O)]t

- The whole system rotates at a constant

angular velocity while the
disks oscillate about the
mean angle:

p-29 OFu, 1 4232 7 % %



(N) Torsional vibration (cont.)

.". rigid body mode /., =
oscillation mode /. =
2) For the case of
- rigid body mode /. =

oscillation mode f, =

p.30 OFu, 1 3= 9 % %



(k_) Torsional vibration (cont.)

e Examples of other systems with rigid

body mode
) | P
1) - <\ o (9_2:1
k \ — ﬁ:—l
0,
X
_— . n => x_lzl
2) m b AWM——— m 2
k xl
— - =
1 xz

" OFu, 1 fz2:= ¥ % %



Torsional vibration (cont.)

777 77
HIEIEES
1 & “ 1
I L |
| 5 o
a) : 0 : xl . xz . x3 j
L
— 0 IPH,_EH
: ~
05 | 05 —
— A A N 4
‘\\\ : //
\:/-1

The mode shapes

p-32 OFu, 1 4232 7 % %



(M) Torsional vibration (cont.)

e Vibration absorber

1) An absorber whose “f " changes with the
system’s so that it is effective over
a of operation.

2) Lagrange approach

The velocity of m Is
established by the
orthogonal coordinates

& with O as the
origin.

p.33 OFu, 1 3= 9 % %



) Torsional vibration (cont.)

V,=Vo+V, 0o
=ROe, +DdxF
= ROe, +r(0+g)cosge, -
@ = (9+¢5)l€
KE. : T=2m|[RO+r{0+4)cossf
\ LA
P.E. : neglected e
R o
A6 »

O

p.34 OFu, 1 2= ¥ 5% %



(N) Torsional vibration (cont.)

G.C.> (. Istheinput.)
=0

.".The EOM :

°% Linearise the EOM by

a) let -
Excitation from the
b) assume speed change of
- (R -, /thesystem
+| —0° ¢ =
g+ Ry

p.35 OFu, 1 3= 9 % %



(M) Torsional vibration (cont.)

W, = . @ is the shaft rotation speed

n

- If the shaft rotates at speed » with a
superimposed oscillation g,sinwt, where
IS the frequency of oscillation.

The shaft angular displacement is:
0 = nt +6,sIn wt

velocity

acceleration

where &, & n are constant.

p.36 OFu, 1 3= 9 % %



(k_) Torsional vibration (cont.)

- |If the oscillation 1s small, 1.e.
L O~n

¢ +(—n j¢ —
Assume ¢ = ¢, sin ot

O,

" OFu, 1 fz2:= ¥ % %



p.38

Torsional vibration (cont.)

3) Example :
For a six-cylinder 4-stroke reciprocating

engine crankshaft to be used with a
pendulum absorber.

.".If the absorber is designed by
Inspective of shaft operation speed .

OFu, 1 fe: 2 9 5%



(N) Torsional vibration (cont.)

> it
1)
2)
3)
- The natural frequency of the pendulum:

"." The o, tracks the frequency.
". The absorber is at engine
speeds.

p.39 OFu, 1 3= 9 % %



(«_) Torsional vibration (cont.)

4) Examples of applications
a) Automotive engines

-> Application in the shaft of an internal
combustion engine (US5295411)

a) Helicopter rotors

p.40 OFu, 1 2= F % %



v The Whirling Effect

o A rotor mounted on
a support
1) The shaft and rotor resembles a with
concentrated or distributed loads
: the C.G. of S ; N .8
shaft + disk g |/
. the geometric =~ _hhﬁ_,—-:—— :
center ofthe T & ig i
Disk = | Shaft

rotor. [

p.41 OFu, 1 2= 9 % %



)  The Whirling Effect (cont.)

. ¢g, eccentricity
> gravity-induced sag
: the stiffness of the shaft
@ : the angular velocity of the system

Y

B : the phase angle —/ s g
: the angular 5;’
displacement of Shatt ‘ L
the “bow plane” \(%/E )

$ : the speed - e X

p.42



)  The Whirling Effect (cont.)

Use the polar coordinates:

~) .
0% Sal

= eCos fe, +esin e,

5 + D 7
=(0— ewsin f)e, +(5¢+ea)COS,6’)e

og 3}
|l

K.E.:

Neglect the gravity
P.E.:

p.43 OFu, 1 2= 9 % %



The Whirling Effect (cont.)

G.C.:
o dW =T -do=T(dd+dp)

The EOMs are
i[m(5—ea)sin ,8)]

d { [52¢5—e5sin,8+a)(ez+kf)+e5(a)+¢5)cos,6]}

p.44 OFu, 1 #23% § % %



The Whirling Effect (cont.)

1 . .
L .—<me a)e£1+ gZ)—5sin,B+§¢cos,B .
me

\ — —J

2) Simplification
a) For machines running at a speed
(  =constant)

0=0 , f=—¢ (- )
S + =ew?cosfB------(1)

EOMSs: .. .
Sh+20p= s (2)

p.45 OFu, 1 2= F % %



)  The Whirling Effect (cont.)

In which, IS the natural
frequency of the non-rotating rotor (i.e. the
speed).

b) Assume =constant
9
—> called “synchronous precession” or

from (2), 20w =ew’sinfB------ (3)
—

p.46 OFu, 1 3= 9 % %



)  The Whirling Effect (cont.)

2

from (1), &=—2— cos
O — o
—
from (3), ew’sinf=0
—

c.from g =const, it leads to
@
@
®

0.47 OFu, 1 2= 9 % %



)  The Whirling Effect (cont.)

- For For
Y Y
i=0 g=n
¢ g
5 L~ //ﬁ AE c
g
\"/di Shaft < ¢ Shaft
0 * o .
W w, W >y,
s<Note :

The above results are only “
end point” behavior of the system. No
account for transient state like

p.48 OFu, 1 2= 9 % %



)  The Whirling Effect (cont.)

3) Considering the damping effect
Assume @ = const. & there Is a viscous

damping force acting at C.
Clg =d, + Clg/c

— (5 -542)-ep? cos e,

_|_

T

L
.-vﬂ,

ey

aft Disk

Sh
§ i
J"\
; \1& ! wi
{ |

S

By the d’Alembert principle, the EOMSs In the

directions of ¢, & e, are:

p.49
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The Whirling Effect (cont.)

(.. C‘ .

S+—0+ = e’ COS 3
) m

| 09 + =ew’sin A

For the steady state responses of synchronous
whirl :

d=w, [ =const,

tan f = , 0=

o] kot (eof

P-50 ©Fu, 1 2% 3 % 3



The Whirling Effect (cont.)

< The responses are the same as the case
2 In basic vibration types.

4) Applications :
- Laundry machines

- Automatic dynamic
balancers

- Hand held tools

Balancin:g"“>"

N

p.51
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END of Chap 5
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