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Note

本講義係供上課時補充參考，一切內
 容仍以上課的講授範圍為準，空缺部
 份將於課堂中說明。

本段旨在提供 Newton's 2nd law 及
 D'Alembert's principle 之假設，理論
 基礎及其應用方式。
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Dynamic systems

A. Kinematic properties are independent of the force 
and couple required to produce the motion
Kinematics     
(acceleration)    （free-body diagram）

Apply equations of equilibrium

Example: 4 bar linkage

Two categories of machine dynamic systems 
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Dynamic systems (cont.)

B. The dynamics controls the kinematics (mutual 
dependence)

Example: engine intake & outlet valve systems

kinematics of the follower.
= f (spring stiffness, follower mass,
cam profile, etc.)

Apply equations
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Type A machine systems
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The three approaches

(1) The Newton’s second law
(2) The moment of momentum equation
(3) The d’Alembert principle
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Newton’s 2nd law 

(1) For a single particle of mass mi subject to external 
force      and internal force     .

The Newton’s 2nd law is：
iF
v

ijf
v

：the position vector 
of mi measured 
relative to an

oirr
where
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Newton’s 2nd law (cont.)

(b) :
non-contact actions from other systems.
e.g. the gravity

(a) : 
the force due to direct contact with other systems 
of particulars.   
e.g. connecting parts in a machine.

：is the net effect of all the forces external to the system.iF
v

：the resultant force on mi by all other particles in the system.
In a solid, the summation represents the net effect of all other 
molecules on the ith molecule.

∑ ijf
v
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Newton’s 2nd law (cont.)

(1.1) extension to the entire system of particles.

(1.2) assume the internal forces in a pair of 
particles are equal & opposite.

( )∑ ∑∑∑
= ===

=+
N

i

N

i
oii

N

i
i

N

j
ij rm

dt
dFf

1 111

&v
vv

e.g.  the gravitational force, so the assumption applies to a wide
variety of real materials.
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Newton’s 2nd law (cont.)

(1.3) by the concept of the center of mass

Sum of external forces 
=（system mass）×

 
（acceleration of ）

=gR
v

: the total mass of all particles

: the position vector of the mass center “g”gR
v

M
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Newton’s 2nd law (cont.)

※Note 

For a rigid or nearly rigid solid, the center of mass 
is almost fixed in the body.

Suitable to the study of the motion for rigid & 
quasi-rigid bodies under 2 conditions：
1)  The mass is
2)  The internal forces are

Simplify the equations of motion but no information 
about the motion of particles other than



p.12 © Fu, ERG, NTU/ME

Moment of momentum

(2) A rigid body with fixed points and a fixed 
xyz coordinates in the body move together with

and ωv
v
=Ω ω&v&v =Ω

A typical particle mi is also fixed in the body and 
located relative to xyz and an inertia frame XYZ 
by     and     , respectively.oirvir

v

：the position vector 
from

：the position vector from
a to the particle mi

D
v

airv
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Moment of momentum

※Note: This is an alternative form of

：the internal forces acting on the mass mi .iF
v
：the internal forces acting on the mass mi .ijf

v

Summing over the whole system

∴From Newton’s 2nd law, take moment of       &      
about an arbitrary point a:

ijf
v

ｉF
v
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Moment of momentum (cont.)

(2.1) Assumptions
(1) The internal forces are 

(2) They also lie along the line joining the 
particles.

( ) ijajaijiajijai frrfrfr
vvvvvvv ×−=×+×

※ A mass in a gravity field experiences attractive forces
in this way.

conform to a wide variety of real materials.



p.15 © Fu, ERG, NTU/ME

(1) (2)

(3) (4)

( ) ( )∑ ∑ ×+×= iigi rm
dt
dDRm

dt
dD &v

v&vv

( ) ( )∑ ∑ ×+×+ iiigii rm
dt
drRm

dt
dr &vv&vv

Moment of momentum (cont.)

(2.2) Expansion

( ) ( ) ( )iigi
i

i

N

i
oiiai rmRm

dt
drDrm

dt
dr &v&vvv

&vv +×+=× ∑∑
=1
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(1)式＝

(2)式＝

(3)式＝

(4)式＝

0

( )∑ = 0iirm &vQ

( )iiiiiiiii rm
dt
drrmrrmr

dt
d &vv&v&v&vv ∑∑ ∑ ×+×=× )(   

Moment of momentum (cont.)

( )∑ = 0iirm v
Q



p.17 © Fu, ERG, NTU/ME

Moment of momentum (cont.)

( ) ( ) ( )∑∑
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∴The moment of external forces about point a
＝ the moment of the sum of external forces acting at g about point a

+ the time rate of moment of momentum about

※ Note: 
The point a can be an arbitrary point on the body.   
All quantities are related to only.
Compare to the 3 conditions for 

Moment of momentum (cont.)

∴The dynamic moment equation
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Moment of momentum (cont.)

(2.3) For a continuous rigid body
&

dmrrH iig )( vv&v
v

××= ∫∫∫ ω

( ) etc.,ii
dt
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Moment of momentum (cont.)

(2.4) For xyz system along with the principal 
coordinates. 

gH&
v
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yyxxyxzzz

xxzzxzyyy

zzyyzyxxx

IIIk

IIIj

IIIi
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−−+

−−=

ωωω

ωωω

ωωω

&
v

&
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&
v

※ Euler’s equations: , etc.
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Moment of momentum (cont.)

(2.5) For a planar motion 

∑ = αIM

※ Think: 
What are the conditions for the following formula 
to apply? 
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D’Alembert principle

(3) D’Alembert equations of motion
Make dynamic equations be solved as the way of
static ones. 
For a rigid body, the D’Alembert equations are:

※D’Alembert’s terms：
:gRM &&v−

:gRMD &&vv
×−

:gH&
v

−

X direction

Y direction
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Example

A cylinder rolls on a plane

(c) Point C為瞬心

(b) Identify the inertia terms：

(a) Create the coordinate system             
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Example (cont.)

(d) The equilibrium equations of motion  (EOM) 

：x

：y

：CM

   :rolling of Kinematics

 :axis z⇒
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=+=+ zzzzzzzg IMDIRDM ωωω &&&&& 2

Example (cont.)

※ The parallel-axis theorem is automatically satisfied.

※ :unknowns

4 equations to solve 4 unknowns.

Physical meaning: transfer from
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※ In practice, if the condition of rolling is not specified, 
one may assume it is rolling first and calculate

Example (cont.)

※ The moment equation of motion becomes

If  The body is
The body is , then

Still 4 equations to solve 4 unknowns.
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The center of percussion 
(撞心)
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The moment equation is required in the EOM to 
determine the locations of            and

Center of percussion

(a) Simplification of free body diagrams

∑F gRM &&v
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Center of percussion (cont.)

By resolving into on “g”

1) no net force is added.      (∵a couple)

2) no net moment is added  (∵
 

)

They are    

(moving from g p)

※The point “p” is referred as                                      

and can be determined by 
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Example

Example:

=−= gpe
In case of rolling→

2

2
1 MDIzz =Q
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Example (cont.)

※ For the cylinder, point p is a fixed point on the 
cylinder independent of the velocity of the body

※ In general, the center of percussion is a function
of:
(a) the center of rotation, e.g. 
(b) The motion of the body, in particular, the 

linear acceleration of the cylinder.

   e.g.
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Example (cont.)

※ If the force fa is applied at the point p:

0=− NW

ga RMf &&=∴ NW =

Physical meaning:
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Center of percussion (cont.)

(b) Reduce 
if a pendulum has an angular acceleration α

==∴
F
Ih α

if make 

k：radius of gyration

by the moment equation
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Center of percussion (cont.)

0g xf MR F− + =&&

(外力施於撞心)

※Therefore, if a force f is applied perpendicularly to the 
pendulum & hits at its center of

→there will be no reaction force at 
the point of suspension O of the 
pendulum 

※Applications:
1)
2) cams or impact testing machine
3)
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Center of percussion (cont.)

(c) Equivalent vibration period 
(simple pendulum v.s. compound pendulum)

O：fixed point

(1) For a simple pendulum O

?

(2) For a compound pendulum 

O
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Center of percussion (cont.)

α00 IM =∑ O：fixed point

if θ is small  

0
0

=+ θθ
I

Mgr&&

Derivation:
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Center of percussion (cont.)

max&0 θ==∴ BA

π2
0

=t
I

Mgr ==
Mgr
IT 02π

※Its period:

k0 : radius of gyration

,0=tBy applying initial conditions:  at  

0&max ===
dt
dθωθθ
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Center of percussion (cont.)

2
0 MrII g += 222

0 MrMkMk +=

222
0 rkk += →

※ If all the mass of the compound pendulum are 
concentrated at point p, the period of the compound 
pendulum will be equal to that of the simple one.

the center of mass → for
the center of percussion → for

※

The distance between CG and CP:※

→

(same as previous h)



p.39 © Fu, ERG, NTU/ME

Center of percussion (cont.)
(d) Dynamically equivalent system

For a connecting rod, if the 
lumped mass model is used to 
simplify it and a two-mass 
model is used, B is chosen as 
the rotation center and the 
dynamically equivalent system 
must satisfy: 

⎪⎩

⎪
⎨
⎧

(            equivalent)

mc : 
total mass 

(            equivalent)

(            equivalent)
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Center of percussion (cont.)

)(
22

r
k

mr
mk

=≈
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b
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+
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bp

p
b m
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m
+

=

※ it may be designed to make             so the force at B 
can be 

※ where mp should be put on a distance of lp from the     
CG. which is the 
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Center of percussion (cont.)

1) The reaction force will be zero at the rotation center 
if the force is applied

2)   The periods of vibration are equivalent.

3)    p & the rotation center are correspondent.

4) The effect of  “p” is irrelevant to the magnitude of 
force.

5)   If                      →
 

: the body will move in 
translation motion.

※ Summary
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END of Chap_3a
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