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%
MHEAS Fitting a Circle to 2D Points
. .
Giiven a set of points {(x;,y;)}™, m > 3, fit them with a circle (z — a)? + (y = b)* = r* where (a,b) is
the circle center and 1 is the circle radius. An assumption of this algorithm is that not all the points are

collinear. The energy function to be minimized is

Ela,b,r) = Z(Li - ‘7')2

i=1

where L; = \/(z; — ) + (y; - b)2. Take the partial derivative with respect to r to obtain

E ¢
—=-1) [Li-1)

1=1

Courtesy to David Eberly for his work “Least Squares Fitting of Data”. Precision Metrology Lab.
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weas Fitting a Circle to 2D Points (cont.)
T — —

Setting equal to zero yields

1
— > L.

m
1=1

Take the partial derivative with respect to a to obtain

Courtesy to David Eberly for his work “Least Squares Fitting of Data”. Precision Metrology Lab.
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weas Fitting a Circle to 2D Points (cont.)
S — —

and take the partial derivative with respect to b to obtain

- JL;
—:—22 Ob QZI((yib)—H‘ (%).

Setting these two derivatives equal to zero yields

1 1 OL;
b= — Y, — — .
m ;y Jr}m P ob
N s

Courtesy to David Eberly for his work “Least Squares Fitting of Data”. Precision Metrology Lab.
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weas Fitting a Circle to 2D Points (cont.)

. s
Replacing r by its equivalent from 0E/dr = 0 and using 0L; /da = (a — x;)/L; and OL;/Ob = (b - y;)/ L,

we get two nonlinear equations in a and b:

where

T = % Yic Ti
y = # i1 Ui
L = % ;11 L;

La = ¥ I,

Lb % 211 bif“

. e
Courtesy to David Eberly for his work “Least Squares Fitting of Data”. Precision Metrology Lab.

%
weas  Fitting a Sphere to 3D Points
. e

Given a set of m points {(xi, yi, zi)}, m>4, fit them with a
sphere (x—a)? +(y —b)? +(z —c)? = r2 where (a, b, c¢) is the
sphere center and r is the sphere radius. An assumption
of this algorithm is that not all the points are coplanar.
The energy function to be minimized is:

m

E(a,b,c,r) = Z(Li _7)?

g=1

where L; = \/ (z; — a)? + (y; — b)2 + (2; — ¢). Take the partial derivative with respect to r to obtair

Courtesy to David Eberly for his work “Least Squares Fitting of Data”. Precision Metrology Lab.
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weas Fitting a Sphere to 3D Points (conti)
S — —

Setting equal to zero yields

Take the partial derivative with respect to a to obtain

%:‘QZ

i=1

- OF ¢ OL; - OL;
to b to obtain = 9 L. — )22 9 v — b) L
to ctoobtain  IF - IL; - dL;

— =2 (L —r — 2 % — )+ r—
dc ;( 7) de ; ( c)+r e

_______ —— |
Courtesy to David Eberly for his work “Least Squares Fitting of Data”. Precision Metrology Lab.
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weas Fitting a Sphere to 3D Points (conti)
L — —

Setting these three derivatives equal to zero yields

PICTRE S
= — r; +r—
m m da

OL;

i+
mz m = ob

" IL;

_ — ?"—
mz T m e

Courtesy to David Eberly for his work “Least Squares Fitting of Data”. Precision Metrology Lab.
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weas Fitting a Sphere to 3D Points (conti)
S — —

Replacing r by its equivalent from OF/dr = 0 and wsng 0L /o = (- ;)| Ly, 0L 0b = b - 33} L, and
0L 0k = (- 5] ;. we get three nonlinear equations i a, b, and ¢

= = P Lymo
a=2+LL, =: F(a,b,c) TS e
= = y = % Z:ll Ya
b=1y+ LL, =: G(a,b,c) - iy o
c=z+LL.=:H(a,b,c) L = X5 L
I‘a — 1 Zm a— T
I, = Ay7 b=
l_—/c _ 1 Zm c— ;z
. |
Courtesy to David Eberly for his work “Least Squares Fitting of Data”. Precision Metrology Lab.
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MZC: Minimum zone circle
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Minimum circumscribed circle (MCC) Precision Metrology Lab.
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MEAS Home Work
E e

Find the Minimum Zone Solution of the following circular data
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P: Part Profile
S: Spindle Run-out Error

T1(6) =P(©)+S(©) T2(©) = P(©)-S(©)

P(©) = [T1(©)+T2(O)]/2
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(a) First measurement (b) Second measurement (c) Third measurement
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Principle of Spherical Surface Measurement

M

Rotation of detector

Specimen

Pole
Measured cross section

Pole

(a) Measurement of cross section
(Largest diameter cross section)

Pole Rotating axis

/ iSRG
Rotating axis

(Driven)

Pole

(b) Self rotation of specimen
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” ANALYSIS OF MINIMUM ZONE SPHERICITY ERROR
YEAS | ;5ING MINIMUM POTENTIAL ENERGY THEORY
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Outer Spherical Fictitious
Surface Spring
\ Inner Spherical
_‘ Surface
Support Fixed
at Position of
Data Point
K.C Fan and J.C. Lee, Precision Engineering, 1999
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