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r=Xi+yj+zk mX =F, (X,Y,Z,X,Y,2,t)
v =dr/dt = Xi+Yyj+2k my = F,(X,y,2,%,Y,21)
p=mv

-SRI REEAEE

r=re,
V=re +rée,

a=(—10)e, +(10+2ib)e,
Equations of motion

m(F —r@%) = F.(r,0,f,0,t)

m(ré+2r6) = F,(r,6,r,0,t)
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4 & — B (time-domain) % %L ¢
f(t) = sin(t)+(1/3)sin(3t)+(1/5)sin(5t)+--

y=sin(x)+(1/3) sin(3 x)+...+(1/19) sin(19 x)
6,‘, ,,,,,,,, 1 ,,,,,,,, J‘,,,,,,,,l ,,,,,,,, | o ____1_

T sind B 4

5o o 7 .o S — |-
(1), #Rf(0)7 ] -
7 sin(t),
1/3sin(3t), -+
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FRF L F SINEE Cos | | |
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y=sin(X)+(1/3) sin(3 X)+...+(1/19) sin(19 x)
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Fourier Transform

¥t- #single-valued function f(t),
HFourier Transform % & &

F(o)=[ f(t)e"dt=[f (1)]

1 (= - o
f(t)=g F(w)e'*dw =F'[F(w)] (1768-1830)

—00

e Fourier Transform #-% 5.9 = - B~ #FF7 ha A d &k o

o - BRRE.¥ M4 & time domain, f(t), % frequency domain,
F(w)

o 'l #£ % Fourier function F ik

F ""L+EL}/’7/1;;,{_:'3.": 0
° Fw) 7 Boefri "1 @ldt <oo
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Laplace Transform

B I(D) 7 deaes R
o0
[ 1f@ldt<oo
—00
3RS L BLERBER ) Ak eot, B
£ &

[ 11 e *dt <o

BT LB E B R S

F(s) = j:f(t)e-stdtzﬁ[f(t)] s = otjo

Laplace transform ¢k &%

f(t) = j:J’: F(s)edt = £'[F(s)] ©1>©
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S
y, = L(u)

STER AP K S EE
I. #e=f2 (principle of superposition)

=L(y +u,)=L(u)+L(u) =y, +V,

yu1+u2

Yo = L(Bu) = BL(u) = By,
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onse by Convolution)

Principle of superposition - 1f the system has an input
that can be expressed as a sum of signals, then the
response of the system can be expressed as the same sum
of the individual responses to the respective signals.

+oo, =10

w e 5o(Impulse signal):  d(x) =
% fr iz 5 Imp gnal ) (I}{n. v 40

% e 35 % (Impulse Response)

[ f(@st-o)dr=f (1)

u(t) can be represented as the sum of impulses of
intensity u(t-t), thus

u(t) = j_i u(z)s(t — r)dr
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\Fﬁf @ v 22 2R (Response by Convolution)

Ny \" Y'Y RIITII e MY MIIIVRIIALIIIE

For a general linear system, we can express the impulse
response as h(t, ),

From principle of superposition, we have the total response of
u(t) is

Superposition integral:  y(t) = j_oo u(z)h(t, 7)dr

If the system is also constant, then the impulse is given by h(t-t),
the response becomes

Convolution integral: y(t) = I: u(z)h(t-7)dr

y(t) = [ u(t- r)h(z)dr
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& #% 0 #c (Transfer Function)

$f EUETT PR

dx(t)

T —7X(t) + zu(t)

B~Laplace Transform

SX(S) =X, =—2X(S)+U(s) *7"* X(s)= oy (s) +—x
S+ 7 S+ 7
B S T =l il
X(s) 7
U(s) s+
Y(s) _ G(s)
A S i G(S) - U (s)

4 1 ehLaplace transform ¥t »~ Laplace transform st &
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% 7€ B (Bode Plot)

T A S0k
Y(s) = G(s)U(s)

F #-s=jo d ** Laplace transform ¥ s =oc+jo & ¥ 7 F T
,J! ,‘vt, m*};?‘ Z;" éggj‘%

Y(Jo) =G(jo)U (o)

G(jo) #.— B o oif o #k

G(Jo) =G (Jo) + |G, (Jo)
=|G(j)|£G(jw)

¥ |G(jo)| fr £G(joyr F 4 & A1 i)j* X - f647 ¥ %5k Bode plot
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- ¥ % 5u (first-order system)

Amp L x(t)=l—e "
Rz B8 R Y¥#&:=0.105,1,5,10
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= Fg % %t (second-order system)

m¥ + X + kx = 0 X(t) = X e cos(w/l—.{za)nt —¢O)

2
()
H(s) == ; n _
e R ¥ #=0,0.070215 $°+2{w,s + w,
Q frequency response zeta = 0 0.07 5 tlime response
35 T
E 0 —_——____//__ﬁ\_x__ 15
\_\‘ g
50- . .8 /\ /\
10 10 10 e 4l ] \
200 \/ \/
% \
s 0.5
2 0
e
QE
_\_\_\_\_\_\_\H\_\_‘_‘——\_
200+ g =4 0 .
10 10 10 0 5 10 15 20
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= F¢ % %t (second-order system)

magnitude

phase

pAR#4px =0.1,05,1,5,10
Frequency response Time response
frequency response wn=0.10.5510 2 tlime response
T 8 (\ / .
; i S e
e 2 qp v MR AN e \/
L i | os
1[I] 10-
0 ! . .
Frequency 0 5 . 10 15 20
Time
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N = r 2 A 2
T 5 Fadi 7 5

—

3.306(m?) x 4(m) x5x11774(kg / m*) x 10057 (kJ / kg -* C)
—78292(k] I° C)

C. ¥ 5 78.29 KJ/°C

BF 28 e Ogircona 912000 keal/hr = 2.333 KJ/s
Bk s g A 4 £ 5 500KJ/s > #5 % BF enic ) &

O(s) 1
Q(s) 78290s
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55 = 2, L a0
% 7 A % BLHLEE (cont.)
Hprd) 28 i@
12333
Constant ;
=y ”
_ 78290.0s
Switch Room Room temp.
500
Constantl =
14
Relay >
Switches
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o 1Fl

FU2TRB23R 175 BB a7k TE
Hprd»cdk 2 & (T4oT

F 28R 21228 1T L BB K A o
Hprd)sek 2 # (T4oT

ﬂ = Room temp. ﬂ = Switches ﬂ a Room temp. n
3| ——— | 3| ——
Horizontal Range: Horizontal Range: Horizontal Range: Horizontal Range:

L L L] [+ L
Vertical Range: II] Vertical Range: Vertical Range: IZ]
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i %

[ |

4 g fodw e~ 700 KJ/s

Switches

Room temp.
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%:%

A PR G S AT S R 2
(ordinary Differential Equation, ODE) % %

V] ifﬁfi}t 2\ TFB = _], vﬁ - éﬁ-’i'/‘#ﬁ ﬁn/’% Cg ,— ;% ” E'TI"JODE*B".‘T‘:H;I:IJ o
o K Jp Tk e R

o K TGRSR

Rk i SLETHC] &

X, = f (X, Xy, X, 1)

= f. (X, Xy, X, 1)
X, = fZ(Xl’XZ’”"Xn’t)

1=12,---,n

X, =f (X, X, X,,1)
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X. = f.(X, Xy, X ,t), 1=12,---,n

1 N

H ¢ t £independent variable, n Bk &” Xy, X, ...

dependent variables.
ket 2 5 A Bk (explicitly) g FE Rt 1 fL2 &
Autonomous system

X. = f.(X, X500, X)), 1=12,---,n

fi(Xl’ X2, “ouy Xn, t) v oy g’,\xl(t) ﬁ?%&l:}ig\} ’i’i‘zﬂ'ﬁ—_:}'ﬁ,{
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BRI 2 ﬁ‘/w\ﬁ\“{iﬂ'lxi(t) *
MR R R A - B BT AR - Bk R

% (t) |

LG

X, (1)

BB B A BALL R G 2 BT (State space, phase
space)
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S Y N

X() SRR g B9 o i kg 57 S ki
" (response trajectory) st "k ik #uF*” (State trajectory)

X3
» Initial state
_ T vector x(0)
Trajectory jor.
orbit ‘
A State vector Xx(t)
» X2
A-
X1

hod AP E B A e BE o SR ERE AR S - Rk o AL S 4P
~(phase flow) » ¥ g2 4 ¢ dastream line #p vt
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Phase flow £_d % iy = 42 3% #7422 3 o B kAR T
V) —’ﬁ”iﬁ & Fuends fs‘é F=2ed

X3 Initial state

1 vector x(0)

N
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Example 1

fl(X1’ Xz) =X =X
. 2
fo(x %) =%, =X =X,
B ghigd f g f, Sodeie o v 2 (1, 13)BEE

A

X2

—h
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w N
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f (X;,X,,++,X,)=0
NRBRAEK>AAZFNAZFONBAEE

EE AR A AR Pl AT - BT R
PN G AT 45 BT AR
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% 8%
Ay Example 2
Sl E

mX + kx =0 K

ThHme X, =-mg/k,X,=0
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Example 3

B iR TR

R[L+ (=X + x3)° ]+ xx*(=1+ x*)(-1+3x*) + gx(-1+ x*) =0

BAREET ERL X, X
BT HEERE oy = % =
v 72
gX(_l‘I‘ X ): O Gravity
7= BT y
X=0%=0 x
7:1;XT:O Mass m
X=-1,%x=0
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\((ﬂ) T frelfg T

f& {4t~ 5 ¢ Local 2 Global behavior

Stability of equilibrium: If for every n-dimensional
neighborhood N, no matter how small of x, there is a
neighborhood N, < N, such that every solution starting out in
N1 lies in N for all time, then the equilibrium solution X is stable.
Furthermore, if N, can be selected so that x(t) » xast — «,
then x is asymptotically stable.

Q) Typical orbit

X is stable.

x

X is asymptotically stable.
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Q2 Example 4

ik
mx + kx =0
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Example 5

H

mL20 = —mgL sin &

H s B Y

5= '
-~ Rt B =&

1mL*6? + mgL(1-cosd) = E = constant
HAp B &

*
~
[
D

<

§ —mmm—m— e

®

/
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Example 6

E IR \
A A

- BT gL "-\\,/*2\/3 -
(-1,0), (0, 0), (1, 0) Go T i
Hip Bl 5 /\_,_‘_/\ |
i ,/i'—__\\///
\_——/

NTU ME 5153 545 1-35



Example 6 (cont.)

A E TN § L NG

2

4

N
|

Ny

5(0,0) it » ot 557 R

7

X, =X
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\Wﬂ’ K LA (L
AT T RS IT AN T A SRS PERZELS TS <2
o B RELSITG RS - B2 Sk (Lyapunov &) B
Bt fem HErH R o AR AT RAE K AL AT FEEHITAR
IERLRNE SN AR T o WU R s e Ea
Mz fg NS g A R BT S

%)\"

Example: -k 1§

NTU ME 5153 ;54 1-37



f2)

slope = -(Aogp/Ado)
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X, = F. (X, X, 0+, X, 1), 1=12,---,n

] n?

Bk T HFEE A X 0 P

fl ()—(1’)—(21...7)—(n) — O
X3 4
B AR BEAS B X A2 G E &

v

:X_)_(, i:]-’”.!n X2
X1

Xi = X; +-§i =& =X+ X% + & X + &)
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B’»%’J"; ¥ E B ;¢ (Taylor series)

it

i)
[EEN
Il
m—f
e
—~~
x|

B B n Offl 1ML 0*721:1
1X 1“"Xn + 4 i+_
v ) ;@(I 25 2!i=1 J=1@('é§('

| J X

Ey ML 0 T L R KR

651 — a11§1 + a12632 +'“+aln§n

L

H
7~

51 - allégl + a1252 +'“+a1n(§n

52 :: al2152 +a22§2+'”+a2n§n B 5 — Ag

¥ E R A0

é:n - anlgl +a,, 52 +-+a,, fn
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Example

” 2 oL kg 11 4+ 4 EL” _Z/I +% 10 Cl
fERTRG B 2TEG e E -40 -4, +5|¢C,
@ Ay, = 1£20i, ¢1 = [1-0.05+2i], c2 = [1 -0.05-2i]"

X)=a| Lt g, | T e
0,05+ 2i ~0.05-2i
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Wy Example (cont.)

L Aeiw 3 g o fiAf #cfEet ?
T AR g A5t

X(t) = ace(a”a’)t + a*c*e(a—ia))t
:I"U 4V E;j/,_‘,n_? ;‘?K” 'fr,’}i ;‘;,K” N F;'E

A - ot L A _ |
X(t) — EeIH[CR + IC| ]e(dﬂw)t + Ee_lg[CR _ ICI ]e(O'—IaJ)t

A . y . y
:Eeo’({CR(el(a)He) P l(a)t+0))_|_lcl (el(a)t+9) _e I(a)t+9))}

= ?ed {Cq COS(at + ) —c, sin(at + 6)}
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Dagogrgict

Example (cont.)

Fobe
1 0
Cp = , ¢, =|., o0=1 w=20
—0.05 2
a3
X(t) = x (1) | Ae' cos(20t + 6)
%, (1) | | Ae![-0.05c0s(20t + 6) — 25in(20t + 6)]

Adr 0 d dz40iz 2% > Hip@ 5
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§ «Wr\@%
;7\@]@5 % 2, L
oeale? Fve % 4%
N F. iﬁrby ~— 6 .J -_\‘/!—‘
L = J

=0
a'21 a22 ﬂ“
B E o A - i(an + azz) + (a11a22 - a12a21) =0
& A -TA+A=0
HE5 Ef25 2
L LI
! 2 4
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