9. Approximation Theory (Spectral Methods)
§ Curve fitting

GIVEN: (x,,y,), i=12--,N
Find: afunction which best approxomates

the unknown function y = f'(x)
(not necessary passing the data points)

Approximation Theory :

STEP1: choose a proper funtion fromy = f'(x;a,b,c,--+)
with some adjustable parameters a,b,c,- -

STEP2: optimize the fitting in some way, i.e., minimize the
error term

Ezg(yi —f(xl.;a,b,c,---))2 =E(a,b,c, )

i.e. looking for aset of {a,b,c,---} such that
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Example: Given (x,,y,) and find alinear curvefitting.
Assumey = ax +b.

Define the derivation as

Ezi:(yi —ax,~b)’" = E(a,b)

To minimize the error E(a,b), welook for (a,b) such that

N
ok :Ozzz(yi —ax, —b)(-x,)
oa i=1

N
o —0->2(3-ax ~b)(-1

i=1
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§ Approximation Theory
GIVEN: some functionf'(x) and some domain [a,b]

STEPL.: select a proper set of linearly independent
funtions{g, (x)}

STEP2: approximate the funtion from y = f(x) of the form

1()=5()= 2 e ()

which is expected to be convergent
to the exact function f (x) asn — o

STEP3: adjust the values of parameters {c, }
so that the resulting approximation S (x) isthe best.

Definition (linearly Independence)

The set of funtions {¢,(x),¢(x),#,(x),--.4,(x)} issaid
to be linearly independent on [a,b] if whenever

oty (x)+ e, (x)+-+c,é,(x)=0forc/s e R and al x € [a,b],
thenc,=¢,=---=¢, =0.

n




Definition (Orthogonal)

{¢y: 4., 0,,+++, 4, } issaid to bean orthogonal set of functions
on theinterval [a,b] with respect to the weight function c(x)if

0 ifi#j
. =a.0.
a,#0 ifi=j

i

Lba)(x) ¢(x) ¢, (x)dx = {

wherew(x)> Ofor al x € [a,b]
but e(x) = 0on any subinterval of [a,b]

Definition (Ortho-Normal):: orthogonal with ;=1

f(x>~s<x>=§ci 4(x)

* Best approximation:
define the »-weighted error term as follows

E=[ ofx)(/(x)-S(x)Pdx
- .[f w(x)(f(x)—gci @(x)j dx

The best approximation has a set of {¢,;} which
minimizes the error E.

SE:Oforallj:O,LZ,---,n

€

~ (n+1) equations solve (n+1) unknowns{c;} ~




- jco(x)Z[ F()-2e ¢i(x)j(—¢j(x))dx
_{j (%) £ (x), (x)dx - zc [ ()¢ (x)g, (x)e }
af

n

(x)g,()g, (¥)dx = [ 0(x) £ (x)g, (x)ax

i=0
~ (n+1) equations (j=0,1,2,...,n) for (n+1) unknowns ~

(solutionsexistsaslong as{ ¢} isL.l.)

With orthogonality (not necessary), we have

ﬁwcoacw¢xxyh={ o i)

. =a.0
o,#0 ifi=j

iy

ca,6, = [ o(x) £(x)g, (x)dx

%a=ﬁmwfuwxwm

¢, _I )dx/
= [ olx) /()9 (x)dx/ J| @x)6, (x)g) (e




§ Commonly used functions{ ¢,}
(i) Fourier series (orthogonal)

choose|a,b]= -7, z]and w(x)=1and

¢o(x):1
¢, (x) = cos(kx)for k =1,2,---,n
#,.,(x) =sin(kx) for k =1,2,---,n

f sin® (ko )dx = f cos’(kx)dx =

¢, (x)=exp(V-1kx), fork=012,--,n

(if) Chebychev polynomials (orthogonal)
choose[a,b]=[-1,1] and w(x) = ]/\/1— x> and

¢,(x) =T, (x)=cos(kcos™x) fork=012.n

1 zl2 fork=>1
T2 /1_ 2d —
L ¢ (x)/ T { z fork=0

(iii) Legendre polynomials (orthogonal)
choose[a,b]=[-1,1]and w(x)=1 and
¢, (x)=L, (x) fork=0,12,---,n

1, 2
I—lLk (x)dx Sl




§ Application to ODEs ~ Rayleigh-Ritz method

Consider alinear 2nd - order ODE: y = y(x)

-4 L)+ awy=1()

for0<x<1 and y(O)zy(l)zO

WheI’Ep(x)eCl[O,l], q.f € CO[O,l]
and38>05 p(x)>8>0 and g¢(x)>0for0<x<1
(suffi cient conditions for a unique soluti on)

PRINCIPLE OF VARIATION

The unique solution is the function which
oc(C 2[0,1]
o satisfiesBCs

e minimizes the integra

I(u(x))EE{p(x)@ZT+q(x)u(x)2—2f(x)u(x)} ds




§ Approximation Theory ~ ONE IDEA

o select aset of L7{¢, (x)}

n
k=0

each of which satisfies the given BCs:
oy (O) =0, (1) =0

Define®, = the set of functions spaned by {¢, (x)}

n
k=0

_ { () 2= grwk (x)}

e select afunctionfrom®,
to approximate the exact soultuion y(x)

y<x>zyn<x)=§ck¢k<x)eq>n

The approximation y, (x) e ®, = C?[0,1] and > B.C:s

yn(0)=§ck¢k<o>=o

y,,(1>=§ck¢k<1>=o

The exact solution y(x) e C*[0,1] and > B.C.s




c*o1]3BC

®, —C?*[01] asn—>w
e Which y, isthebest? The one having a minimum value of /

Convergence: y, — y(x)as n — o

SOLUTION::

)= o ] oo 2 ab)

1 (0)0,)=1 300, (7]

2

=I§{p(x)[§ck¢; ) +a( et ) —2f(x)§ck¢k(x)} @

ol (D) ,
MINIMIAZATION: =0, forj=012:n

oc J.




x)(g)ckd)k(x)f 2 f(x)kZ;;ckd)k(x)} i

6,) S, ()21 )¢j<x>}dx
” 'ckfi[p<x)¢;(x) ()4 a(2)8, ()8 ()] 2 ()8, (e
(g _J H_J

~—
b

Gy=n /

Thusweobtain > a,c, =b,, for j=012n

k=0

~ Solving ODE becomes solving matrix (algebraic) equations ~

§ Alicati on to PDE ~ spectral methods, finite element methods, etc.
. . Ou
Given: §=L(u)+f(x’t)

where L issomespartial operatior, e.g. Laplacian L = V2

£ (x,t)isa known external source term.

u(x,0)=g(x),a<x<b

FIND: u(x,t)forz>0
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§ Global approximation theory:
STEPL: find aset of LI {¢, (x)} and

the associated weight function w/(x)

(xt Zc

P.S. The coefficients {cj} is afunction of ¢ now.

for dlxeQ

STEP2: Substitute the aboveformulainto PDE : aab; =L(u)+f

S Ua) - L(§Cj¢j(x)]+f(x,r)

Jj=0

§ Global approximation theory:

300 L Sep o))

j=0

Let ®, = the space spaned by {¢' (x)}’

j=0’

LHS e ®,

2
RHS € ®,

not necessary!
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* Severa ways to obtain an approximation:
f (i) best approximation: look for a set of {cj (t)} which minimizes

>, (x)—L(gcj¢j (X)J—f(x,f)

j=0

i) Collocation methods: chooseaset of nodes{x, } , at which
n dcj n

Zz‘bj (x)=L| 2 e, (x) |+ £ ()

=0 j=0

(iii) Galerkin approximation

[ o(x)b, (x) 3%, (ki
dt

Jj=0

= J‘j o(x)d, (X)L(,Z:‘ch(bj (x)]dx - cho(x) ¢, (x) f(x,8)dx

§ Galerkin approximation — linear L
dc

30 (e (6, ()

j=0 dt

=, [ ol 5), (s + | ool 5} (ki

i i€
At

~ PDE isreduced to a system of coupled ODEs ~
~ go time-marching ~
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* special case: o-orthonormal {¢, (x)}:a, =4

ij ij

d ) n
;tj =Y b,c,(t)+r(r) ~decoupledonLHS ~
=0

§ Initial Conditions, i.e. ¢;(0)

n

u(x.0)=g(x)=u,(x0)=2 ¢, (0)4, ()

Jj=0

2(x)- 3¢, (0)¢, (x)

Jj=0

e best approximation : minimize

«Collocation: g(x,.)=iocj(o)¢j(x,.)

« Galerkin: [ o(x)g,(x)g(x)dx = Zc O ox)g,(x)¢, (x)ix

§ Boundary Conditions:
e.g. Bu(x,f) = 0 for some linear spatial operator B

(a) select {9, (x)} with the addional restriction
that each ¢,(x)>BCs. i.e B, (x)=0
= Bu, (x.1) = BY ¢, (1)4, () = X.c, (1) By, () =0

(b) (Tau method) Discard as may ODES as the number

of BCs and impose

Bu, (x,t)=JZ:;cj (1) B4, (x)=0
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§ Example: thermal boundary layer

T: ¢ p T

I
=

x=-L =10 X

. . oT _0°T
Governin uation: —=D——
ged ot ox?

I.C.: T(x,t=0)=T,

B.Cs: T(x=+1:>0")=T,

p T

T
x=-L x=10 x=L
define @(x,t):%
2 = /I,
Governing equation : a—T:Da—]; C
ot ox 5
0 _, %o
I.C.: T(x,t=0)=T o ol
B.Cs: Tlx=+1:>0")=1T, ®(x,0)=0
0(Lr)=1

14



x=-L x=0 x=L

¢ A thermal bounday layer is expected to develop near x = +1
= better denser grid pointsnear x =+1

e Expect the solution is symmetric.
= choose Chebychev polynomials of even degrees

{sz (x)=cos(2,cos™ x)}

§ collocation + 7 methods

e choose ¢,(x)="T,,(x)
O(x,t)~©, (XJ)E;ZOCJ ()7, (x)

| o collocation grid points: choose the locations of peaks of
Chebychev,

x, = locations of peak of 7, (x)= cos(z(':i)”) i=012:--,n
T

x=-1 x=0 x=1
4N =24

15



§ collocation + 7 methods

2
©_ 00
ot ox?
G)(xt EZn:cj
" d>
z ( )= DZC/ Tz,(x)
j=0 j=0

n d n 5
S )-p3 e, (124 )

for i=012---,n—1 (i=ndiscareded)

B.C.. ©(L1) Zc Zc

e Initial Conditions

@(xt Zc

o>=o=§cj(o>fz,<x)

fori=012---,n-1

=1= ;Z::;Cj (0)

~ (n+1) equations for (n+1) unknowns ~
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§ Galerkin method+{#(x)} 8 B.C.s

eSince Ty(x)=1 and T,,(+1)=1

Let ¢,(x)=T,,(x)-Ty(x). Thus ¢,(+1)=0

T . : 00 00
* Substitute into governing equation:  — == D e

34,9205 ) 0

]—1

* Use orthogonal property:

= \/l—x2 \/1—x2

J=1

n

Zan dt Z qe,(t) for i=12,

Jj=1

ici;,,jmi(x)%(x) . DZ f“’(")(d"’(x)/d")x

17



1 409, (%)
[ g e i

= [} (T ()~ Ty NI, ()~ T () V122 i
[Ty~ T, ~ToT, + TN
= [ (1T, +2)NA= ax
z ifizj

3r .
o T

b, = jj1¢i (x)dcd;jCZ(X) N1-x% dx

_ fl{(rz,.(x)-ro(x)).i;(rzj (x)—TO(x))} /ﬂ i

3

2( ) By 2 Zyk 2k
ZYk I_lTT -T,T,, /\/].——xzdx
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[OUO-DHW . (g ),

- V1-x ) =1 s 1J1-x2

n:‘[l wdx=ia“c(0) for i=1,2,---,n

# Local approximation theory

» divide the interested domain Q =[a,b]

K
into several subdomins Q =|_JQ,
k=1

u(x,t) zuf (x,t)zzn:cf (t)(l)’; (x) foralxeQ,

P.S. {¢(x)} _ isdifferent from one subdomain to another.
J j=0

i.e. require K setsof L.I. functions {¢ (x)}’ )
i

and will have K sets of corresponding coefficients {c (¢)}’

j=0




§ Finite Element Methods ~ piecewise approximation
Test problem: (domain Q with boundary 6 Q)

6ax(p(x' y)ZZJ " ;y(q(x, y)(;jj +r(x, p)u(x,y)= f(x,y)

u(x,y): g(x,y) onoQ

" PRINCIPLEOFVARIATION ::
The exact solution (if existsand unique) isthefunction e C?(Q2)
which satisfies BCsand minimizes the value of

1= {;{p(x,y)(gz;j +q<x,y>[f;;‘j —r(x,y)uﬂ+f(x,y>u(x,y)}dxdy

g K
F\{STEPL: Divide the interested domain into several parts, i.e. Q=|_JQ,

k=1

- Each subdomain 2, iscalled an "element".

| STEP2: within each subdomain Q,, choose a proper set of { ¢* (x, y)}n .
/ J=

u(x,y)=u(x,y)= c'¢"(x,y) for(xy)eQ,
j=0

n

P.S. {¢/’° (x, y)} are different from one element to another in general.

Jj=0

20



Thereforeforalie {01---,n}andal me {01, K}

0 ol (u)
oc;"

required (minimized)

n 00" 6 (& 0
=Qf{p(x,y)[;cf &c]@c’"[ 2 o

m

21



_ ol (u)

required (minimized)
oc/”
o 005 09
= X, C. X, ¢ ———
L’m{ y; q( y); T oy oy

xy Zc (I) ¢! +f(xy)(|) }dxdy

After rearangement : (Changevariablem — k)

0=§c§!{ (x.7) t(;" +q(, )(,j’ (,j’ r(xy)¢¢}dxdy

— [ /G, 2)0 (x, y)dxdy

0" ok 0" a9
ng {p(x,y)&%+q(x,y)%aad; r(x,y)¢f oy }dxdy

agct =b' or A'c" =b" ~ elemental matrix equation

fork=12---,K

» AFissingular! i.e. Each element matrix equation is underminate.

» too many degrees of freedom!




: o Continuity requirement :if (x,y)e Q, ,andasoe Q, , then

u(x,y)=uy =3 il (x,9)
=0

u(x,y)=uz =3 co7 (x,p)
=0

Thus C°-requirement needs

D et (2 p) =D ¢ (x,0)
=0 /=0

= The minimization problem should be redone
with the C°-requirements

§ Example: use collocation points

‘| STEPL: within element Q3 , choose (n+1) points
denoted by (x!,y}) fori=012-,n

. STEP2: within each element, choose an interpoint function,
say two- dimentional Lagrangian polynomials, ¢ (x, y)

o (x,y)= . \/(x—xlk)2+(y—ylk)2 4):( xf' ? _5
N ey v emeey SRR

and approximate the desired function as

ij

u(x,y)~u, =3 ci¢(x,y),  whenever (x,y)eQ,
i=0

23



u(x,y)~uy = clgf(x,y),  whenever(x,y)eQ,
i=0

Notice:

§ example —triangular elements (linear interpolation)

1 2
Uyp Uy c 1
2 u; =u
Uy 3
Uy 1 2
v u,=u; =u,
a 0 2 3
C i qu;=u; =u,
3 3]
1/[2 u2_ud
1 3 e wr=ul=ul=u
5 =y’ =y =
u3u3u3 3 3 3 e

e
If no C° constraint: d.o.f.s = u;,up,ug,u’ u,ul,ul,ul,us

with C°-constraint: d.of.s=u,,u,,u_u,,u,




«d.of. u, (: ui)

0=81(u)
ou,
6 K
_ 9
Ou, '
_ 0
6u11 o

11 1.1 1.1 1]
0_{‘111”14'“12“24'“13“3_[711

*d.o.f. u, (= ug) : 0= {agluf + AU + asus — b23}

Cf11, 1.1, 1.1 g1 2. 2 2. 2 2 2 12|
0= {a21”1 +ayu; +aygly _bz}"" {a11”1 +apuy +apuy —by |
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2 2 2 2 2 2 2 3 3 3 3 3 3 31
0= {a21”1 +ayi; +ayu; —b, }"' {allul +apu, +apu; — by |

o
Il
£
e 5,
Ko

n

6u3 .[Ql ZU (I) X, y 662 IQZ Zujz(l)f(x,y)

j=0
Bzl )

. 1.1 1.1 1.1 1 2. 2 2 2 2. 2 2
O—{a31u1+a32u2+a33u3—b3}+{a31u1 + agl; + azu; —bs}

3,3 3.3 3.3 3
+{a31u1 + agu;, + aguy —b3}
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a4, a, O

a a, O
‘|0 0 0

0 0 0

@ a, O

0 O 0

0 a121 a122

0 a221 a§2

0O O 0

0 af ag

00 O O

00 O O
+0 0 a a,

0 0 a da

0 0 a) da

0
0

3

(E]
3

Ay

3
A3

2
A3

b b3 b

stiffness summation
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1
ayy

a1 1
=1 |ay

1
az

1 1
dyp g3
1 1
Ay Ay
1 1
a3 dyp

2 2
ayp A
2 2
dyp 4y
2 2
dz dizp
3 3
A, Qg3
3 3
Ay Ay
3 3
Ay Ay

* local matrix equation

1 1
U ay,
o N
U, | =1 ay
1 1
Uy ax

2 2
U ayy
2| | 2
U, |[=1| ax
2 2
Uy az
3 3
Uy ayy
3| | 3
Uy, | =1 ay
3 3
U Az

1 1
43
1 1
Ay Ay
1 1
sz Ay

2 2
ap 43
2 2
ayp Ay
2 2
zp dyp
3 3
i, A3
3 3
Ay Ay
3 3
Az A3

1

ua bl
_ 1

u, |=| b,
1

ue b3
2

u, by
| g2
u, |=|b;
2

ue b3
3

uc bl
_ 3
u, |=|b,
3

ue b3

ample — 2D Poisson Solver

I

Fifd

i
7
i

[

{
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e Let

hjk( (y y])

(ym J’,)

m#]

; here{x} and {yj} are Gauss Quadrature | ntergration nodes

S PA ()R ()

—0 j=0

DM~

P(x,y,t)=

bl
I

1

~.

F0)= 5 1A )

k=1 =0 j=0

o

Numerical Analysis
 RERATSE SRR RV AEAE ]
* B NEHVRIE T EE T

* B LRSI R as

« RRBtEBREET T TR

o B{{HER7= — truncation error & rounding error
o Br{H IR S — numerical diffusion & dispersion
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Pr=6.83

Gr=2510000

Time =0.0002

0 0.02 0.04 0.06 Q.08 0.1 0.12 0.14 0.186
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=13
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Fringe Levels

3.009e+02

2.711e+02

|

2.413e+02
2.115e+02
1.817e+02
1.519e+02
1.221e+02
9.226e+01
6.246e+01

3.266e+01

2.863e+00
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Happy Summer Vacation!
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