6. Numerical Differentiation
Given: f,=f(x) for i=012,--,N

Find: An approximation of f'(x) or f'(x)

§ Polynomial approximation

1
ZfLNJ

Step 2: take derivative with respect to x:

T (N+1)ldx
1

Zf L, a8 18 d {f(Nu)(é(X))}.

Frevee (T4

Step 1: approximate f (x) by the polynomial of degree N
N
e EO)TI(x-x)

i-0

§ Polynomial approximation

example: N+1=3, {X,X,%}={%,% +h X +2h}

_ (x=x)(x=%) |, (X=X)+(X=%) _(X=%)+(X=%,)
LNO(X)_(XO_Xl)(Xo_Xz) HhalX)= (% - Xl)(xo Xz) 2w
o CTX)=%) [y (XX%)H(X=%)  (X=%) +(x=%,)
bua () (% =%)(% = %) Hua()= (% =%)(% —%) —h?
(X=%)(x=%) | |, (X=%)+(x=%) _(X=%)+(X=%)
va(X)= (% —%) (% —X) bz ()= (% =%)(%=%) 2h
Therefore,
(%)~ ZfL O H ik 2h2 i?+f2~£—;fﬁ(—gfo+2ff%fzj
F106)+ 3 (L (0= for 2+ o+ o (6= )

In particular, a x = X,,

J ’ 1 (N+1)
):ZoijN‘j(xk) f
j=

i
1 d N
f(N+1) el
TN+ ) & E(X XJ)}
N
In remark, one may approximate f'(Xk)zzij&,l(Xk)

with atruncation error  E,

:(Nil)! it ﬁ( %)

truncation error  E,

:(N];rl)l il ﬁ( %)

-t (4)-2 19 m)-ﬁ;(xo—xj)m
=%f<3)(&(><o))-(xo—x1)(xo—xz)
hZ

LY 1§ 2\ ~ 2nd order accuracy
3 17 (E(x))=0(n)

N

E, (x1)=% F9(e(x)) TT(x-x)

i=0
j#1

~219(5()- (- %)(4 %)

1o (e (x)=0()




§ Finite Difference Approximation
Given: f = f(x) for x =a+ix(b-a)/N, i=012:,N
Find: f'(x)

1-2 1-1 1 1+1 i+2

Step 1: Taylor series expansion f (x) about x =X
’ 1 "
P00 = F(5)+(x=%)- 11(%)+ 5 (x=%)" £7(x)

+Zla(><—>s)3’-f‘3)(>s)+234(><—>9)"-1‘<“’(>s)+---

, 1 p
f()ﬁu): f="f+h-f ()ﬁ)'*'éhz'f ()ﬂ)

1 1
RO (x)+—h* @D (x )+
*5 (>q)+24 (%)+

(@ f(x,)="f.,=f+h f'()g)+%h2. £7(x)

1 1
TR FO(x )+ ht F @ (X )+
*5 (x)+2, (%)+

, 1 "
© (%)= fa=f=h-F(x)+ 50 7(x)
) 1t g@
oM 1P ()4, 10 (%) +
From (@) or (b) or both

(a): fi+1_ fl =h- f,()ﬂ)*’%hz' f”()ﬁ)"'"'

(b): fH—fi=—h~f’()§)+%h2.f"()g)+...

@-b): fM—fi,1=2h~f'(x)+§h3~f“>(x)+~--

§ Finite Difference Approximation

f f1

i) forward difference: f'(x)= "L —=h. f"(x)+0(h?
X)=- = ohe
i) backward difference:  /(x)=-=— =+ 1h. f7(x )+ O(H?
ho 20\
(iil) central difference: f'(x )= 1 1pz. £®(x )+ 0(n?)
' 2h 6

truncation error

Using more points

-2 11 i 1+l i+2

(©: f()ﬁ+2)=fi+2=fi+2h'f'(>§)+%'4h2'f”(>§)
1. 3.£0d i 4 £(4)
g B F0 () 2260 19 (x) +
o 1 ,
(d: f(x,)=f,="f-2h-f ()g)+5.4h2.f (%)

1 1
—Z.8n @ (x)+—-16h" F@(x )+
5 (X)+2, (%) +

(©) - (: fHZ—fi,2=4h~f'(x)+§~h3~f(3’(>s)+-~




_ — Nie 2 2 3) 4

truncation error

(iii) central difference: f'(x ):%%hz- f®(x)+0(h")

truncation error

) f. —f fo—f
4 - o 3f — 4. it i ie2 7 T2 h?
x(iii) = (iv): 3f'(x) - 0 +O( )

, f,—8f  +8f —f
> f(x)= it

i+2 +o(h4)

§ Finite Difference Approximation

» second derivatives:

fa=f+h f'(&)+%h2~ f"(x)+%h3~ f‘3)(>s)+zi4h“~ FO0x)+-

1 1 1
f,o=f—-h-f'(x)+=h?-f"(x)-=h®- fO(x)+=h*- f@D(x)+--
1= (x)+5 ()% %)+, (%)+

1
f f o, =2f +h*- f" —h*. @ o(h®
|+1+ i-1 |+ ()ﬂ)+12 (Xl)+ ( )

f|+l_2f| + fl—l ihZ @

(x) ="t (x)+0(h%)

truncation error
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IN GENERAL (e.g. higher order derivatives or higher order accuracy
or even non-uniformly spaced grids)

j:i i-j-'l—l - W10 i el itk
» Select j points from LHS and k points from RHS to form the forumla:
F () =a f +a f L trogf+ o b+ o f,

i —j+1lioja

# of a's (degrees of freedom) =(j +1+k); aocch™
« Taylor — seriersexpand all f, except f; to obtain:

=B, f; +B1f'()ﬂ)+"'+ﬁmf(m)()g)+--.+ﬁ]+kf(i+k)(x‘)+o(ahj+k+1)
Bi =B (o)

14

(m) ~
i (X)NQ—J f\—] +0‘—J+1f\—1-1+"'+0‘0f| oty f oy £y

=Bof + By F/(X)+ B ™ (%) o+ By FU™ (X)) + O(ath )

k
-

- choose {a;};_, suchthat

Bn=1
;=0 for i=01--,j+k; izm
« dimensional consistency: a, =O(1/h")

(m) A
f (X)NOL—] f\—] +a—J-lf\—J+l+'”+OL0f| +'”+ak—1f\+K—1+0“kf\+K

= f(m)()g)_'.o(ahi*k*l): f(m)()ﬂ)_*_o(hhkﬂfm)

order = j+k+1-m
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example m=2,j=1 andk=2

fr(x)=a,fi +oofi+o,f,+af,,

| h_y I
| |
i-1 i it+1 i+2

define h, =|x_, — %

=X =[x, —x]

fil = fi(x.4)="1(x-hy)=f-h f'+—h’21 fv”f—h’31 f-O(h*)

=18 il =il i =10 2 i 6 i
LPTALY

fa=f(x.)=f(x+h)="f +hf'+ b £+ x f"O(h*)

o= 1 (X2)= F (5 +h)= [t 2 1012 g o)

13
17(%)=0a_fiy+aof +o,f +a,f,,+O(ah’) if
2
Bo=0a_+o,+0o,+a,=0 O(h )
B, =—o_h,;+ah+a,h,=0
o, +o,h? + o2
p -t tels o _o(n?)
Bs= _Uulhfl + alhl3 + azhs =0
* specia case: uniformly spaced nodes: h, =h, =h and h, =2h
o, +a,+a,+a,=0
2a,=0 ittmili
4l 77 (04 £ = |
S 1 a,=-2/h*  (central difference)
| B 2]
0l71+0v1+4(X2 72/h alzj/hz " f\—1_2f\ 7] f\—l 2
:0 f ()ﬂ): 2 +O(h )
-0, +0,+8a,=0 00 h L

f ”(X ) =o,f,+o,fi+o.f,+a,f,

LEPPR
Ay +O(h“)}

= a,l{ f—h,f/+

+0,f

2 3
+(x1{fi +hlfi’+% fi”+% fi”+O(h“)}

2 3
+a2{fl +hzfi'+%fl"+% fi'”+O(h“)}
B,=0

1
fi (o h,; +ouh + (xzhz) f
Bs=0

=
2
3 —a_,h® + o, +o,h’
2
1.
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§ Finite Difference Approximation

’ fi+ _fif
i L+0(h?)

« unavoidablerounding error:  f.,, = fl(f,,)+¢g,,

fi ="l ( f|—1)+ 6.1

’ fl f" il fi* f|+ _f|4 Sl TR
output(fl): ( 1)2h( 1): 12h 1_312he|1

i | flv+ O(hZ)_ q+12_hQ—1

= exact value + truncation error + rounding error
JlashiV i lashiy
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§ Finite Difference Approximation

truncation
\ | error

error

rounding
error

=

al7g

§ Numerical Integration

Given: {(x, f)}", Want: I:jzf(x)dx

« polynomial approximation (global)
N

f (X) ~ PN—l(X) i Z f; L.y (X)
=1

»—c

f (x)dng fij-LNvl,i (x)dx ch' f,

b
G= _[ LN71,| (X)dX

§ Numerical Integration --- givenf(x) fora=x=b

Question: What achoice of thenodes {x}", and achoiceof the

coefficients {¢ }iN=1 will give a"best" approximation?

» A “best” choiceis recognized as the one that produces the exact result

for the largest class of polynomials, T1(R).

For any f (x) eI1(R), then| :T f (x)dx:ZN:q f(x) instead of " ~"

19
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§ Numerical Integration --- givenf(x) fora=x=b
b N
I=[f(x)dx=> ¢ f(x)
a i=1
« degrees of freedom = 2N
« candidate of the largest class of polynomias: I,y 4(R)
i.e. polynomials of degree < 2N-1
2N-1
PZNfl(X) ¥ aszlXZ’\F1 ih aszzXZNAZ itk i Xy By = Z amxm
m=0
b N
J‘ PZN—l(X)dX: ZQ PZNfl(x )
a i=1
2N-1 b N 2N-1
a,x"dx=> ¢ ( 3 amxmj
m=0 g i=1 m=0
20




for m=0,,2,---,2N -1
~ 2N nonlinear equations for 2N unknowns ~

With the solutions of the above system of equations, we intend to
approximate b
x)dx~ > ¢ f(

i=1

w'—.xr

for any given function f (x).

21

§ Alternativeway to solve {x ! and {c}",

Let f(x)eIl,,_,(R) andf(x)=f. Then f(x) canbewrittenas

z

-1

F ()= B (X) + 0y (¥) 2, 0nX

N<x)=[1[(x—x)
N N ()
=2 100 bew (=2 100 5280 3

i=1

m

3

= the unique polynomial of degree N-1 passing through the N points

N

zn< %) = ()= 2105 -%)-T1(x -x)

k 1 k=1 j=1 j=1
j#k j#

22

b

" best choice' : Zcf )= [ f(x)dx
i=1 a
b
_[PN . dx+.|.(2a X ]¢N x)dx
a m=0
Without loss of generality, we assume [a,b]=[-1,1].

iZ::c;f()g)::i'liZ::f()q)-(X tN)(q:) dx+£(§amxmj (x)dx

iq f(x)+ [.[(:Z:ocmxmj% (x)d%

=0 for any polynomial of degree < N-1 o5

= ¢, (x) istheN" polynomial that is orthogonal to
all polynomials of degree <N -1
= ¢, (x) isthe Legendre polynomial of degree N
§ Gaussian-Legendre quadraturemethod (-1 = x = 1)

For any arbitrary given function f (x):

I
—
=
=
x
=
o
X
2
M=
=G
o
—
=3
=

il i=1

N
w (X)=] J(x=x) =Ly (x) (Legendre polynomial)
i=1
1
c =J.I_N7(X’)dx
,1(X_X)LN()§)
« "="instead of "~" whenf (x) isapolynomial of degree <2N -1

24




§ Legendre polynomials Ly (X)
« apolynomia of degree N

o Ly(x)=1
L(x)=x

341Nl
L= heas
(%) 25 732

AL, ()= (20-1)xLy ()~ (N-D) L, (x)

« orthogonal to any polynomial of degree <N -1
1
I P (X)Ly (x)dx=0
=1

1
2
o |L (X)L, (x)dx=—"-5
[L 00t (de= 5 =a
25

nL, (x)=(2n-1)xL,,(x)—-(n-1)L,_,(x)

e Ly(X)=a, X" +a, X"+ +aX+a

Lo, (X)=Db, X"+, X" +---+ b x+h,

Ln—z (X) = Cn—Zsz

+C, X" 4O X+ G,
n(aX" +a, X"+ +ax+a)
(2n-1)(b, X" +b, X"+ + )X +pX)

—(N-1)(G _X"?+C, X3+ +GX+G))

26

n(a,X" +a, X"+ +ax+ a0)={

(2n-2)(b, X"+, X" + -+ b +byX)

H(n=D(e, X7 4G TP - gXing)

x":  na,=(2n-1)b,,

xFd i ha ., =(2n-1)h,,

x"%: na,,=(2n-1)b, ,—(n-1)c,,

X1 na,=(2n-1hb_,—(n-1)g, for 1<k<n-2

X’ na,=-(n-1)c,

27

|

REAL*8 :: A(0:N),B(0:N),C(0:N-1)

C(0)=0 Ll(X) DO m=3,N

c(H)=1 tmpB=2d0*DBLE(m)-1d0

B(0)=-0.5d0 tmpC=DBLE(m)-1d0

B(1)=0 L,(x) A(m)=tmpB*B(m-1) ma,=(2m-1)b, ,
B(2)=1.5d0

A(m-1)=tmpB*B(m-2) ma, , = (2m—1)bm ,
DO k=m-2,1,-1
A(k)=tmpB*B(k-1)-tmpC*C(k)

ENDDO g, —(2m-1), - (m-1)c,
A(0)=-tmpC*C(0) ma, =—(m-1)c,
C(0:m-1)=B(0:m-1)
B(0:m)=A(0:m)/DBLE(m)

ENDDO

A(0:N)=B(0:N)




I i(x—Lx&)(Lx'N)(de ' ,[L"(X)Lm(x)‘“:ﬁ m
L i 1 N2
L'N(x)_jl na () :L,;()g);,ak o
L 1 1N-1 1AM i 2a0
L’N(&)Lma*Lk( M (%)
L e
- Ta L (e
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§ Weighted Gaussian quadrature methods

Given: f(x) andw(x) for a<x<b

Want: {x ", and {qY, suchthat fo(x) 1 ()b 336 f (x)

Theorem: Let o(x) be apositive weight function and ¢, (x) bea

nonzero polynomial of degree N that is o-orthogonal to Iy 4(R), i.e.

jlm(x)d)N (X) Py (x)dx=0

Then, {x } ., arethezerosof ¢, (x) and ¢ :T%dx

30

§ Weighted Gaussian quadrature methods

« o(x)=1 (ab)=(-11) : ¢, (x)=L,(x) (Legendre)

« o(X)=1/V1-%, (ab)=(-11) : ¢, (X)=T,(X) (Chebychev)
« o(x)=exp(-x*), (ab)=(-0,%): ¢y(X)=Hy(x) (Hermite)

Theorem:

« The quadrature formula holds exactly for al f (x) eI, , (R).

« For f eC*[a,b], theerror termis

A0
(2N)!

j.cbﬁ (X)o(x)dx  for somea<é&<b

31

§ Piecewise approaches

Given: f,=f(x) for a=x <X <X, <--<X, <X, =b

b
Want: | :Jf(x)dx
= N

f(%a=%) of D (% %)

Nzl

Simpliest way: | ~

I
o

32




§ Piecewise approaches

* rectangular rule =

« eror analysis: definex =(x +X,,)/2

for xe[xxal: £00= £(%)+(x=%) 1(x)+ 5L (1) s o(a)

33

z
N

‘g{f(x)(xfx)h N-O(AxX’)

| b-
total truncation error ~ % -0(AX) ~(b—a)O(AX)

Problem: Wehave f (x) butnot f(x).

Solution: make sure x =% thatis X,, —X =X —X_;.

b

I :jf(x)dx:Tf(x)dX+Tf(x)dx+Tf(x)dx+~~+ X.r f (x)dx

X

~ T (%) (% =%)+ T O6) (% =% )+ + F (X 1) (X =X 2)

N/2-1
zz Xzz_xz)
0
N/2-1

Zf X0) if (X, =%, )=constant = 2h

total truncation error ~ O((b—a)Ax* )

35

* Trapezoidal rule
e

total truncation error ~ O((b—a)AX’)
for xelx. 5]t £(9= %)+ (%) £/() + 3 g7(x) o e)

f(x)= f(x)_()ﬂuz_)ﬂ)f/(x)_'_()ﬂu;)ﬁ) f"(X)-%—O(AX?’)

f()ﬁﬂ): f(x)+()§+12_)§) f'(X)‘*()ﬁA;X)Z f"(X)+O(AX3)

36




* Simpson rule Provided x:% or X, ,—%X=%—-X,=h.

T . (x)dX:%( f +4f + f‘*1)+o(h5)'

1

total truncation error ~ O((b—a)Ax")

< show >

| £GP O o)
If(x)dx= 3 1 i
g il +(x—>§) W(X)+Mf(‘”(>§)+o(AXS)

24

(A ] NS
=20 £+ P R +O(H')

central differencemethod: f= fir =2+ fs o(K?)
hZ

_whi 1 ) 1
| F(x)dx=2h f,+éh3f,+&h5f,(4)+0(h7)

e
=2hf +%h(f|+1_2fn + f"1)+o(h5)

—ont +%h3{w+0(hz)}+6%hsfi“” +o(N)

:%( f+4f +f.)+0(IY)

if h =constant = h :
b N/Z*l h
J.f(X)dXz Z 5( o +t4f,+ f2\)+o((b_a)AX4)
i—0

a

37
§ Multiple Integrals
* regular domains
o id bl | N
Jox] f (xy)dy ~ [6 BT (x,)
a8 id a j=0
N b
:ZBjjf(X y,)dX
j=0 a
N M
<5 (et ()]
j=0 i=0
N M
:lzz;‘;aiﬁif()g yl)
39
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§ Multiple Integrals
e irregular domains

d(x) w b - M —

10



§ Richardson’s extrapol ation
* construct a better answer based on some unsatisfactory answers.
Given a 1st-order formula N, (h) which approximates a quantity M, i.e.

M =N, (h)+Ch+C,h*+C;h’ +---
Want: an answer with a better accuracy

(1) M=N,(h)+Ch+C,h*+C,h+---

h h h? h?
(2) M=N1(§)+C15+C22+C3§+“'
2 3
2x(2)-(1)=(3): M= ZNI[gjf Nl(h)—CzhE—Ca%Jr

N, (h)= 2N1(gj —N, (h) ~2nd order accuracy

41

§ Richardson’s extrapolation

LR L L e L e 2 Dj-Nh
(3 M=N,(h) =Gy 2(h) 1[2 ,(h)

h hellllane il rh h
) M:Nz[ij_czg_c3§+... NZ(EJ,zN{Z N3

h
4N2 [7j_ Nz(h) 3
izt +C3%+~-

il |
5 .

M =

N, () =3, (3 ]-N. (0

Conclusion:

M =N; (h)+O(h’)

N, (h)= Nj,l(g}%_l(mﬂ(g)f NH(h)j for j>2

42

N, (h)
_.....-Nl(gj N, (h Nz(h)=2N1(2]— N, (h)
N, [DJ I ZN{DJ || Nl(bj
N [Ej (b) ( 2 2 >
il 4 i\» i N3(h)_i‘N2(Dj7%N2(h)
SE) G G e
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§ Adaptive Quadrature methods

Given: f(x) and&>0
ettt b jr—
Want: | = [ f (x)dx within the sepcified tolerance ¢

a

Idea: very dense grid points! = how dense?

Efficiency desired: more pointsin regions where f(x) haslarge variations.

44
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Example: Simpson rule

X1 5
[ ro0ax=")(fat 1) -0 19 () for somene(x,x.,)
X

1

Stepl: 3 equally spaced nodes, h, =(b-a)/2
nlliily
b

° il

a

| :Ef(x)dx=%(f(a)+4f(a+hz)+ f(b))_%;fm(”)

S(a,b)—g% £ ()

for some p e(a,b)

45

Step 2: 5 equally spaced nodes

e @ O -
a

@

a+hy b
| = I f (x)dx+ J f (x)dx
a a+h,

:%/z(f(a)+4f (a+%j+ f(a+hz)j
+%/2[f(a+ h)+4f [a+%]+ f(b)ij[hzstglofu)(M)

=S(a,a+h,)+S(a+ hz,b)_(%jg% £ @ (1)

46

| = S(a,b)—%f(“)(p)
I =S(a,a+h,)+S(a+ hz,b)_(%jgﬁ;fm) (i)

Assume @ (u)~ f@(R)

error = [1—1(5)%\ @ (m)|~ 1—15\S(a,b)— S(aa+h,)-S(a+h,b)

<g ? yes = takethe 5-point answer!

~ Theerror is estimated by using the 3-point and 5-point answer for
any given range[a, b].

47

l—o—.—o—‘—o—‘—o—é

a a+h,

b
= [ ()d+ [ fF()dx=1{3+12

a a+h,

| within ¢ = 1% within &/2 and 12 within &/2

155 = S(a,a+%]+ S(a+%,a+ h2)+eff0r1

1 €
error, zB‘S(a,EH hz)—S[a,aJr%j—S(aJr%,eH hz] <§’?
2= S(a+ hz,a+%)+ S(a+%,bj+error2

)

error, z%‘s(a+ hz,b)—s(a+ hz,a+%j—s(a+%,b)

48
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1.0
asll L I
H P L
i ) i
i y I
as]]] B LA m
// n|
N //’/ L
0.4t 1] H
il N
Q.27 1
’ ZYO D‘Z 0‘4 0‘6 D‘B 1.0
| X241
f (x)=xesin(4x*)+ .
X+1
0<x<1
50

{ ] - @ - O
a at |"|2 b
175 (e/2) 1 (¢/2)
1 A
eligiilgiilighitigitioiligiliglile
a akt h2 b
15 (e/4)  1ia(e/4) 1 (¢/2)
1 A 1
a a+h, b
49
abs error
3pts: 4.7x10° > 10°
Spts: 0.35x10° <10°°
51
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