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3  Interpolation

• simpliest method: piecewise linear interpolation

§ Polynomial Approximation

Theorem (Weierstrass Approximation Theorem --- existence)
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§ piecewise linear interpolation

~ use P1(x) between two adjacent points, i.e. for [xi,xi+1]
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§ Nth Polynomial approximation

( )
( )

( )
( 1)

0

Lagrange error =  
1 !

N N

i
i

f
x x

N

+

=

ξ
−

+ ∏

depending on the choices of nodes 

[ ] [ ]

1

Consider , 1,1
2( ) uniformly spaced nodes: constant; 1,  0,1, ,k k k

a b
ki x x x k N

N+

= −

− = = − =

( ) Chebychev nodes:  roots of the 1  Chebychev polynomialth
kii x N= +

( ) ( )( )1
1 cos 1 cosNT x N x−
+ ≡ +

( ) 11 cos   ,  0,1, ,
2kN x k k N− π

+ = + π =

( )20T x

The Chebychev nodes minimize the maximum absolute value of

( )
0

N

i
i

x x
=

−∏ ( )
all sets of nodes

0

Min Max = 2
N

N
ia x b i

x x −

≤ ≤
=

⎧ ⎫
⇒ −⎨ ⎬

⎩ ⎭
∏

§ Nevill’s method --- computing higher-order polynomial 
based on lower-order polynomials
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• Construct the Nth order polynomial using the (N−1)th polynomials
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§ Newton form of interpolation polynomial

*Given: x

( )*Find: NP x

( ) ( )
1

0 0

Write: 
kN

N k i
k i

P x a x x
−

= =

⎧ ⎫= −⎨ ⎬
⎩ ⎭

∑ ∏

( ) ( )( ) ( )( )( )

( )( ) ( )

0 1 0 2 0 1 3 0 1 2

0 1 1   N N

a a x x a x x x x a x x x x x x

a x x x x x x −

= + − + − − + − − − +

+ − − −

"

"

( ) ( ) ( )( ) ( )( )( )
( )( ) ( )

0 1 0 2 0 1 3 0 1 2

0 1 1              
N

N N

P x a a x x a x x x x a x x x x x x

a x x x x x x −

= + − + − − + − − − +

+ − − −

"

"

( )
( ) ( )( )

( ) ( )
1 2 1 3 1 2

0
1 1

0
N N

a a x x a x x x x
x x

a x x x
a

x −

+ − + − − +⎧ ⎫
= + − ⎨ ⎬

+ − −⎩ ⎭

"

"

( ) ( ) ( ) ( ) ( )[ ]{ }0 10 21 3 2 2 1N Nx x x x a a x x a xa a x x x −= + − + − + − + + − −" "

( ) ( )

( )
( )

( )
( )( )

1

2

0

1

2

0

1

3

22

1

 N

NN

NN N

x x

x x

P x x x
x x

a x x

a

a
aa
a

a −

−

−

−

+ − ∗⎧ ⎫
⎪ ⎪

+ − ∗⎡ ⎤⎪ ⎪
⎢ ⎥⎪ ⎪+= + − ∗ ⎛ ⎞⎨ ⎬⎢ ⎥
⎜ ⎟⎪ ⎪⎢ ⎥+ − ∗⎡ ⎤⎜ ⎟⎪ ⎪⎢ ⎥⎢ ⎥⎜ ⎟⎪ ⎪+ −⎢ ⎥⎣ ⎦⎝ ⎠⎣ ⎦⎩ ⎭

"

nested multiplication



( ) ( )

( )
( )

( )
( )( )

*
1 1

*
2 2

* *
30 0

*
2 2

*
1 1

 N

N N

N N N

a x x

a x x

aP x a x x

a x x

a a x x

− −

− −

⎧ ⎫+ − ∗
⎪ ⎪
⎡ ⎤⎪ ⎪+ − ∗
⎢ ⎥⎪ ⎪⎪ ⎪+= + − ∗ ⎛ ⎞⎢ ⎥⎨ ⎬
⎜ ⎟⎢ ⎥⎪ ⎪⎡ ⎤+ − ∗⎜ ⎟⎢ ⎥⎪ ⎪⎢ ⎥⎜ ⎟⎢ ⎥⎪ ⎪⎜ ⎟⎢ ⎥+ −⎢ ⎥⎪ ⎪⎣ ⎦⎝ ⎠⎣ ⎦⎩ ⎭

"

STEP1: compute all ak , k = 0,1, …, N

§ Newton form of interpolation polynomial
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§ Hermite interpolation
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§ Newton’s form of Hermite polynomial
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§ Newton’s form of Hermite polynomial
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§ Cubic spline interpolation ~ piecewise cubic polynomials 
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high-order polynomials => oscillating nature

Alternative choice: piecewise polynomial approximation

Piecewise linear interpolation:
disadvantage: discontinuous first derivatives at nodes in general

Piecewise cubic interpolation:
Goal: continuous 1st and 2nd derivatives at nodes
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Cubic Spline Interpolation:
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§ Triagonal linear system: Ax = r
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§ Boundary conditions for spline interpolations

(i) Natural spline
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(v) Periodic boundary condition
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 for   is a function that satisfies the following conditions
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§ Tension spline interpolation
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§ Tension spline interpolation

( ) ( ){ }( 1) equations for 1  unknowns ,  0,1,2, ,k kN N z S x k N′′− + = = "

§ Two dimensional interpolations
• Cartesian Product and Grid

( )Given: ,    ,   0 ,   0ij i jf f x y i M j N= ≤ ≤ ≤ ≤

Solution: 2D interpolation => two-layer 1D interpolations



First, interpolate in one direction
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• Irregular Grid

( )Given: , ,   for  0,1,2, ,k k kf f x y k N= =

Possible solution: a polynomial to fit and interpolate.

Πm(R2) = the set consisting of all real-coefficient polynomials 
with two variables x and y of degree at most m.
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( )( )example:  1 3 1 2 2    or  1N m m m+ = = + + =
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Matrix invertable? Not always!

Theorem: Interpolation of arbitray data by the subspace Π(R2) is 
possible on a set of (m+1)(m+2)/2 nodes if these nodes lie on lines        
L0, L1, …,Lm in such a way that for each Li contains exactly (i+1) nodes.



§ Shepard interpolation method

Write P=(x,y) represents a point in the R2 space. Q is another point.

Let Φ(P,Q) be a real-valued function on R2×R2 which satisfies

Φ(P,Q) = 0 if and only if  P = Q

( ) ( ) ( )2 22e.g.  , p q p qP Q P Q x x y yΦ ≡ − = − + −

Define 2D Lagrange interpolation function as
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