3 Interpolation

Given: {(%.V¥,) k=012, N}

Find: y(x") for some x" €[Min(x,), Max(x,)]
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« simpliest method: piecewise linear interpolation
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§ Polynomial Approximation

Theorem (Weierstrass Approximation Theorem --- existence)

If f «C[a,b] and given >0, then there exists a polynomial P(x)
defined on [a,b] with the property that | f (x)— P(x)| <& for all
xe[a,b].

Given: {(%.V¥,) k=012, N}

Solution: find the unique polynomial of degree N, Py(X), passing
through all these (N+1) points.

Po(X)=a X" +a, X"+ +ax+a,

T

Definition: Lagrange interpolating polynomial

(X)) (X =) (X Xy ) (X=X ) (X = Xy)
(% = %) (% = %)+ (% = X1 ) (X = %) (X =%y )

* polynomial of degree N

N
1 ifj=k P (x)=3y, *L,, (x
o LNk(Xj)ZSjk:{O Ifjik N( ) kZ(; k N,k( )

Consequently

N N
P’\‘(XJ):I(Z(;Yk*LV\LK(XJ‘):gyk"‘5ik:yJ ,forall j

%

Theorem If x,, %+, %, are distrinct numbers in [a,b] and f e C"*[a,b],

then for each xe[a,b], 3¢ €[a,b] such that

f(N+1)(§)
(N +1)!

(%)= () o (XX (X X)<(x-%,)

§ piecewise linear interpolation
~ use P;(X) between two adjacent points, i.e. for [X,X.,]

f"(¢)

2!

Lagrange error = (x=%)(x=%,1)

< M) o (x=x)(x=x.,)|

2 XSX<X

:max(f”) ()§+1_)§)2 ~O(AX2)

2 4




§ Nth Polynomial approximation

Lagrange error =

Consider [a,b]=[-11]

(i) uniformly spaced nodes: x,,, —

(ii) Chebychev nodes: x, =

f (N+1) (

dependmg

N

X=X )
o

n the choices of nodes

2k

= constant; X, =— -
X %=

Ty (X)=cos((N+1)cos™ x)

(N+1)cos™

Xk:g-kkrc ,

k=01 N

1, k=01---,N

roots of the N +1" Chebychev polynomial

LA AAN
WUV

The Chebychev nodes minimize the maximum absolute value of

N ) N 7
1-:0[()(7&) = allselt\s/lolfrr]odes{lxli)é l—OJ:(X_Xt)}: 2 N

0.010

0.005

-1.0 -0,

N=10
Chebychev

uniform

3 0.0

Q.2
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§ Nevill’s method --- computing higher-order polynomial
based on lower-order polynomials

Define P

m,,.m, (X) = the polynomial of degree k —1 passing through

the points (X, .Y, ). (%, Vi )7+ (Xn i)

3

€g. (M, ={L24}

P

12,4

(x)= the polynomial of degree 2 passing through
the points (X, ¥;),(%,¥,), (X, ¥i)
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« Construct the Nt order polynomial using the (N-1)t polynomials

_ (X_ X ) RIL---,J*LHL---N (X) _(X_ % ) R),l,«--,i—l,iﬂ,---N (X)
PO,l,--»,N (X)_ ()Q _Xj)

Because P(J,l,---j4,j+1,N(Xk): i for k#j
Bt (Xk): Y for k=i

7(Xk_xj)yk_(xk_)§)yk

° Po‘l‘»,.‘N(xk)_ ()Q—X.) =Y, fork;ti,j

Be. N(x):(x -%)y, —(&—_xx);’,,__,iMM(X)ZM
X =X )R1 i jan (X )= (X =% )Y,

1 F%,l,...,N(xj)=(‘ ) ***()g_x(j)) (x-x)y _y

_ (X_ Xi ) P0,1,-~,j—1,j+1,-~N (X) _(X_ X ) RJ,l,v--,i—l,iJrl,-uN (X)
R ,N(X)_ (X‘Xj)
R)(X) =Y
Fi(X)= Y Po1(x)
Pz(x):yz PlZ(X) PO,l,Z(X)
F’3(X)=y3 st(x) Plz,s(x) l:%:123()()
R (X) =Y, B (X) Pz,3,4 (X) R2sa X) Ro1234 (X)

§ Newton form of interpolation polynomial
Given: X'

Find: B, (X)

Write: B, (x)=)"

:U{ak :(x—&)}

=8+, (X= %) + 8 (X=% ) (X=%) + 8 (X=X ) (X=X ) (X=X )+

+ay (X=% ) (X=% ) (X=X ;)

& o L
*:-.,,L@; e T T

Bu(X) =8 +a (X=X ) +a, (X=X )(X=% ) +a5 (X=X ) (X=X ) (X=X, )+
+ay (X=X ) (X=%) (X=X ;)

o (x| BT A (XX Fa (X=X ) (X=X )+
=9, (X XO){‘FaN(X_XJ'”(X—XNl) }

=ay+(x=%){a +(x=x)[a +a, (x=% )+ +ay (x=%)-(x=%)]}

a +(X=%)*

a +(X=%)*
Py (X) =8y +(x=%)* [a3+... }
|:aN—2+(XXN—2)* j|

nested multiplication (ays+ay (Xx=xy4))




§ Newtoh form of interpolation'_buéfﬁ%mial

a+(X —x)x

8, +(X =% )*
Pu(X)=ay+(X =% )| (@ +
l:aN_2+(X*—XN_2)* 1

(3 +a (X = %))

STEP1: compute all &, k=0,1, ..., N

STEP 2: b, =a,
by =ay, +ay (X* - XN—l) =ay, +hy (X* - XN—l)
by ,=ay,+ (X* — Xy2 )bN—l

bo=a +h.,(X-%) , k=N-LN-2-10 R.(X)=h,

- “‘ﬁﬁ; ot e R L
STEP1: compute all 3, k=01, ..., N

Define Newton’s divided difference :

flx]=y
f[)ﬂﬂ]_f[)ﬂ]
)§+1_)§

%00 % ]— T[X, X,
f[)g,)ngl,)ngz]E [XH )ﬁxz]_)ﬂ[)ﬂ X 1]
i+2 i

f %, %.]=

X X = F [ X0 X s X e
R P BRI L ml _[im X
i+k i

w::ﬁg: gl e ke
R (%) =8 +2, (=% ) + 8, (X =% ) (X =% ) + 85 (X =% ) (X=X ) (X=X ) +--
+aN(X_X0)(X_X1)"'(X_XN4)

(i) PN(XO):ao:yozf[xo]

(i) Ry(x)=a+a(x—%)=y="f[x] %=%=f[w&]
(i) B (%) =8 +a (% = %)+ 8, (% = %) (% = %)=,

f 6]+ f Do (% = %) +a (6 =%) (% =% )= f[%]
a, (% —%) (% =% )= T[X%]- %] f[%,%](% %)

%(&f&):wﬁm%]
_fDexl= Dol gy ooy

® %=X

[%]

[%] ;

flx]=y, fhax] fhoxx]=a

x]=y,  fDox]  fDaxx] %% %.%] =2




§ Hermite interpolation

Given: f (x ) and f'(x.), k=01---,N

Find: a polynomial passing all the points with the given slops

Theorem: Iff € C*[a,b] and x,, %+, X, are distinct, the unique
polynomial of least degree agreeing f and f’ at x,,x,--, X

is the polynomialof degree 2N +1 given by

Howa ( Zi;f( i) Hy +if’(xj)ﬁm(x)

:{ (Xj )}*Lf“(x)
X)=(x- )*Lz

o

Theorem: If f e C*"*?[a,b], then 3¢ €[a,b]>

f(2N+2) N
f(x):H2N+1(X (&) H _)ﬂ

(2N+2)r 1

H,n.1(X) s called the Hermite polynomial.

b £ {

§ Newton’s form of Hermite polynomial

Define Xy, = Ry =X 1 16 { K ho = %%, X, X, %, X, 1)

Hono () =8+ 8 (X= %)+ 3 (X =% ) (X %) + & (X= % ) (x =% ) (x= % ) +--

=a,+8,(X=%)+a,(x=%)’
+a,(x=% ) (x=%)+a, (x=% ) (x=x )" +

=a,+(x=%){a +(x=%){a, +(x=%){
|:a2N—1+(X_)22N71)(a2N +azN+1(X_)A(2N ))}}

B g 2
g gl e e

Given: X e[a,b]
Want: f (X) ~ H,y,, (X) =2
STEP 1: find &, k=0,1,2,---,2N+1

STEP 2: b,\,;=8,\.,
b =8ty #(X %) for k=2N.2N 110

by = H2N+1(X*)




§ Newton’s form of Hermite polynomial

Define %y = Ryes =% i€ { Kl g = (%%, % %%, %0}
Define f[%, = f[%y..]=f (%)

f[)A(zkr)A(zku]: f’(xk)

(%)= (%1)

Define L f
f[xzk—l’XZk]: X — % .

f[x+1’)’§+2""’)’§+k]_ f [%’X‘Fl""’x‘#k*l]
%+k_%

Define f[%,%.1,... %] =

for k>3

*3&&: S e

%, % % %, %, %, %
%, % % X X X, X,
Ist:
2nd :
3rd :

DD: Newton divided difference

§ Cubic spline interpolation ~ piecewise cubic polynomials

Given: (%Y, =f(x%)), k=C ¥

high-order polynomials => o

Alternative choice: piecewise polynomial approximation
| W

Piecewise linear interpolation:
disadvantage: discontinuous first derivatives at nodes in general

Piecewise cubic interpolation:
Goal: continuous 15t and 2" derivatives at nodes

%

Use a cubic polynomial to fit for each subinterval, S (x)

for xe[%, %]
So(x) Si(x)

SN

e
24 I
) S

[

6 constraints

C*: §(x)=95(x) 8 degrees of freedom




Cubic Spline Interpolation:
Let a=x, <X << Xy <Xy =b. Acubic spline interpolant

S(x) for f(x) is a function that satisfies the following conditions:

(i) S(x) is a cubic polynomial on the interval [X,, X, ],
denoted by S, (x), fork=0,1,2,---,N-1
(i) SK(Xk): Y, and S((xkﬂ): Yiu - fork=012,--,N-1

2N

(iii)SL(xk»fl):S:ﬂ(xkﬂ) , fork=012,---,N-2 N-1

(IV) S:(Xk+1):s:+1(xk+1) ' fOI’k=0,1,2,~~~,N—2 N—l
4N degrees of freedom!

v

boundary conditions:
(a) free or natural spline: §j(%,)=Sy_,(%y)=0
(b) clamped spline: § (%, )= (%) and S, (%)= f'(%y)

fork=0,1,2,---,N-1
write S, (X)=a, +b (X=X )+¢ (x=x)" +d (x=x)’
S (x)=h, +26,(x= %)+ 3d (x= %)’
S (x) =2¢, +6d, (x—X)

define h =x,, —x fork=0,1---,N-1

C’: S (x)=a =Y
S<(Xk+1):ak +bkhk+ckh.<2+dkhfZYk+1

fork=0,1,---,N-1

‘ﬁ;&; gt e

C': fork=0,1---,N-2
S/(X) =, +26, (=% ) +3d, (X %)’
S () =iy + 26, (X=%1) + 30y (X=X, )
St (Xe1) = +2c.h + 3,
Se1(X%ea) =B
b +2¢,h +3d,h¢ =by,
C*: fork=01--,N-2

v (X)=2¢, +6d, (x—
S (x)=2c, +6d, (x—x,) } 26, +60,h =2, .
S:’A (X) = 2ck+1 + 6dk+1(x_ Xk+1)




Summary:

() yo=a  (k=012--N-1)

(i) Yea=a +bh +ch +dh (k=01 N-1)
(i) b +2¢h +3d ¥ =h,, (k=0,1--,N-2)
(iv) 2c +6d.h =2¢.,, (k=01--N-2)

From (iv) : d, =d, () (V)

Substitute (v) into (ii) :b, =k (a,C) (vi)

Substitute (v)(vi) into (iii) : ¢, =¢(&,8)

%

Fork=1.2,...,N-1

3
h

_3

hH(ak -a.,)

hx—lck—l + Z(hKA + hk)ck + hkck+1 = (a'k+1 - ak)

— _ _ 2 3
aN = SNfl(xN ) - yN - aNfl + bethfl + CNfthfl + dethfl

2¢c, = S\Ll(XN ) =2Cy; +6dy 4Ny,

N
k=0

~ (N -1) equations for (N +1) unknowns {c,}
boundary conditions:
(a) free or natural spline: §)(x,) =S\, (%y)=0
C=Cy=0
(b) clamped spline: § (%, )= (%) and S, (%)= f'(Xy)
33("0) =b=f '(XO), Sllxlfl(XN ) =by., +26;hy +3dN71hVi—1 =f ’(XN)

(am—ak)—%(ak—ak,l)

3
rkEE

~ tridiagonal matrix ~

'8 >
= “‘ﬁ{; e e )

f'(%)=(a -a)/h-h(2¢ +c)/3

(a) clamped spline:{ , )
(XN ) = (aN - aNfl),/ o+ thl(CNfl +20, )//3

-2hy/3 -h/3 0 0 0
hy 2(hy +hy) h 0 0

0 h 2(h+h) b

0 0 0 . 2-(hﬂ+hx) h 0o - 0

0 0 Py 2(hy, +hyy) My
0 h./3 2h /3

{ro— f'(%)-(a-a)/h

= F'(%) = (ay —ay1)/hes ~ tridiagonal matrix ~




§ Triagonal linear system: Ax=r

a; &, 0 0 o 0 X
&y 8y 83 0 o 0 X,
0 8, 8y 8y :

e e

0 0 s Bk B 0 -

aN*l,N*Z aNfl, N-1 aNfl, N XN—l bN—l
ay N ayn \ X by

*3&&- S e

asﬁ; gl = ke

Given: X

Want: an approximation of f (x")

Step 1: find the subinterval that X" belongs to, say X" € [ X, Xc.. ]

Step 2: compute S, (X')=a, +h (X" =% )+ ¢ (X - xk)2 +d, (X —xk)3
~ f(x)

Theorem: Let f € C*[a,b] with Max| f

asx<b

£ (x) =M. If S(x) is the unique

clamped cubic spline interpolant to f with respect to the nodes
asx, <X <---<X,=b. Then

5M 4
an;)b(‘ )-S(x)|< 384 ol\,@rﬂﬁl(xi“ =

c.f. natural spline: 4th order too.

T

B e e ATt e T

§ Boundary conditions for spline interpolations

(i) Natural spline

f"(%)=0 ;
This choice minimizes the value of j f72(x)dx.
f"(x,)=0 a
(ii) Parabolic runout
| ) implying f"(x,)=f"(x,)=0
F(%)=1"(x) Le)=170s)
| ) (parabolic ending curves)
f (XN):f (XN—l)
(iii) clamped spline F(%), (%), or (%) known
f'(xy), f"(xy), or £"(x,) known

(iv) Fit a cubic polynomial C(x) to the four ending points.

fm(XO)sz(XO)z f”(xi);bf”(xﬂ)

fm(xN):cm(XN)zM

N-1

(v) Periodic boundary condition

FO0)=1(x)
F(%)=f'(x)
(%)= f"(x)




§ Tension spline interpolation
Let a=x, <X <--- <Xy, <X, =b. Atension spline interpolant
S(x) for f(x) is a function that satisfies the following conditions:
(i) S(x) is a cubic polynomial on the interval [ X, X, ],

denoted by S, (x), fork=0,1,2,---,N-1

(ii)SK(Xk):yk and $<(Xk+1):yk+l , fork=0,12,---,N-1 2N

(iii)SK’(xkﬂ):S;Jrl(karl) 1 fOrk:O,l,z,"',N—Z N_l

(V) S (5) = S (%) . fork=012N-2  |N-1

(V) S.(x) isasolution of S® —1*S"=0.

& “‘ﬁi oS L
(v) S.(x) isasolution of ™ —1°S"=0.

e aspecialcaset=0 = cubic polynomials = cubic spline!

e another special case t=00 = approximately linear fitting (still C?)

for xe[X X1] SV -7/ =0

0 S (xk): D
C
{& (Xk+1) = Yenu known

unknown

CZ{S!(XK)=4
S (%e1) = Ze

§ Tension spline interpolation

S, (X) ={zsinh[ (X, = X)]+ Z,, sinh[t(x=x,)]} /=* sinh (zh, )
+ (yk —ZK/TZ)(XkH—X)/h( +(yk+l—zk+1/‘l?2)(X—Xk)/f‘lk

c: S:(Xk+1):SliA1(XkA1)
1 Ze s+ (B +Be) Zc+ s =V~ Vi
o, =1/h, 7T/Sinh(1'hk)
B, = ccosh (eh,)/sinh ()~
Yk :TZ(YkA_Yk)/hK
for k=1,2,---,N-1
(N —1) equations for (N +1) unknowns {z, =S"(x,)}, k=0,1,2,---,N

Rl s
-—:.“;-iﬁgi e e )

2 5

= “‘ﬁ{; e e )

§ Two dimensional interpolations
« Cartesian Product and Grid

Given:fij:f(x,yj) , 0<i<M, 0<j<N

Solution: 2D interpolation => two-layer 1D interpolations




First, interpolate in one direction

zfzof(x,ym%i(x) Lus (%)

=

I
o

f(xy)=

]

= f(x,y)~

™M=

I
o

i

M N

= F(xy) =2 > fi * Ly (Y (%)

i=0 j=0

f(x,yj)*LN‘j(y) Ly; (¥)

f()g,yj)*LN,j(y):io fix Ly ()

B A % |
* Irregular Grid

Given: f, = f (%, Y), for k=012,---,N
Possible solution: a polynomial to fit and interpolate.

IT,(R?) = the set consisting of all real-coefficient polynomials
with two variables x and y of degree at most m.

If Pm(x,y)eHm(Rz), P.(xy)= Y CXYy

0<r+ssm

degrees of freedom =1+2+3+---+(m+1)=(m+1)(m+2)/2

Wish f(xy)=~R,(xY)
want f (%)= f, =P, (%.¥) for k=0,12,---,N

unique choice if N +1=(m+1)(m+2)/2

L
o o

example: N +1=3=(m+1)(m+2)/2 or m=1
H(X,y)=C00+C10X+C01y

R (X ¥i) = Co + CioX + Co Y = fi

f
1 % Vi || Co |= f1
f

for k=0,1,2

«:-,,,L(&’; g e s et
example: N+1=6=(m+1)(m+2)/2 or m=2
R, (Xr y) =Cy +CyoX+Cpyy + C:20)(2 +Cuxy+C02y2

2

L% Y% % %Y% Y%)Cu) (f,
Lox v X X% ¥ |Gl |f
Lo % % %% ¥%|C|_|f
L x % X xy ¥ G| |f
1 % v, X xy Y|C f,
1% % X xy v )\Ce) U

Matrix invertable? Not always!

Theorem: Interpolation of arbitray data by the subspace TT(R?) is
possible on a set of (n+1)(M+2)/2 nodes if these nodes lie on lines
Lo, Ly, -..,L, in such a way that for each L; contains exactly (i+1) nodes.
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§ Shepard interpolation method

Write P=(x,y) represents a point in the R2 space. Q is another point.

Let ®(P,Q) be a real-valued function on R2xR2 which satisfies
d(P,Q)=0ifandonlyif P=Q
e.g. (D(PfQ)E‘P_Q‘Z :(Xp _XQ)Z +(yp - yq)z

Define 2D Lagrange interpolation function as

_T7 2% Y% i)
_HCD(&,yi;xk,yk)

F(xy)~P(x y)z oLy (%Y)

N N
P(Xj'yj):_zolfi Ly (%)= 20 fi*8; =1,

i=0

References: Kincaid & Cheny
Lancaster & Salkauskas “Curve & Surface Fitting” (1980)




