2. Root Searching --- solutions of equations in one variable

Given: f (X)e C(X)
Find: X, such that f ( x,)=0

Methods: Bisection; Fixed-point; Newton-Raphson; Secant

§ Bisection Method

Step 1: look for a domain (a, b) where f (a)*f (b) <0

Intermediate value theorem: there exists at least one root in (a, b)

e

§ Bisection Method

Step 2: check either f (aij f(a)<0 or f (aTer] f(b)<0

(a,aTerj if f(aTerj'f(a)d)

(— s bj otherwise

§ Bisection Method

Step 3: repeat Step 2 until < ¢ (error tolerance)

23

Theorem: If f(x)eC[a,b], then |P, — x| <

b-a
2"’
where P, is midpoint after n iterations.




§ Fixed-Point Method

Def : Given g(X), a fixed point X, of g(X)is a point at which g(X,) =X,

Let g(x) = x+ f(x).

= Arootof f(X)isa fixed point of g(X).
STEP1: Take an initial guess P,
STEP2: R =g(R)=R,+ 1 (R)
STEP2:P,=g(P,,)=P, ,+ f(P,,)

STEP3: Stop the iteration and get X, ~ P, whenever

n

P.-a(R)

<ég

STEP2:P, =g(P,)=P, +f(P.)

y = g(x)=x+ f(x)

§ Fixed-Point Theorems

Theorem:  If g(x)eC[a,b] and g(x)e[a,b] forall xe[a,b],

(existence) theng (X) has a fixed point in [a,b]. b

ak”

a
(uniqueness):  In addition, y'(x) exists on [a,b] and 3k, 0<k <1,

and g'(X)‘ <k <l forallxe(a,b),

then the fixed point in [a,b] is unique.

(convergence): %im‘Pn —X,|< lim k"R —x,| =0 (. k<I)

Def. (convergence): An infinite sequence {Pn }1 , 1s said to converge to

a number X, if given any £>0, 3 a positive number N (8) such that

foralln>N(g),

P, —X,|<&. Write limP, = x,.
N—w

eg. timnlog

n—>w

choose N =1/¢g

‘Pn _XO‘:

n+1 1 1
—=l==<—=¢
n n N




Def. (rate of convergence):

Suppose {P,}" i a sequence that converges to X,.

P. =X
If 3A, a>0 such that EHEM =
- ‘Pn - XO‘

then the sequence is said to converge to X, of order a with an
asymptotic error constant A.

* The higher the order a is, the faster the sequence converges.

eg. [P —%|~ 0(10’2) for some sufficiently large n

X| ~|P, = x,|" ~ 0(102) if a=1
o(10*) if @=2

P

n+l

* linear convergence if a = 1 (e.g. Bisection method)

* quadratic convergence if a=2 (e.g. Newton-Raphson method)

e superliner if a=1 and A =0

Theorem: (bonvergence of fixed-point .method)

Let g(x)eC[a,b], X, =g( %), X, €[a,b].

If g'(%)=9"(%)=-=9""(%)=0 but g ( x,)=0,
then there exists 5>0 such that for P, e[x, -8, X, +3]

(i) {R,} , convergestoX, of orderr ;

(ii) Ifg"” (x) is bounded by M on [X, —8,%, +3], then

M
Pn+] _XO‘ <F‘Pn _XO‘r
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Theoremw’(ﬁconvergence of ﬁxed-po;nt method)
Let g(x)eC'[a,b], x,=g( %), X, €[a,b].
If g'(%)=9"(%)=-=9""(%)=0 but g ( x,)=0,
then there exists 5>0 such that for P, €[x, —8,%, + 3]

(i

M
P x0\<F\Pn—x0

‘ r

If g'( X,)# 0, the fixed-point method is a Ist order method (r =1).

If |g' (x)| <k, then [P, = x| <k|R, —X,|.

EE

P, =% | < K" [Py =%,

Theorem (”convergence of fixed-point method)
Let g(x)eC'[a,b], x,=g( %), X, €[a,b].
If g'(%)=9"(%)=-=9""(%)=0 but g"”( x,)=0,
then there exists 5>0 such that for P, €[x, -8, %, + 3]
M r
‘Pml - Xo‘ <F‘Pn _Xo‘
In reality, we don’t know what r is.
We don’t know how large & can be.
We don’t know where X, is.

The fixed-point method is at least of order one but

a convergence can be obtained only by try-and-error.

§ Newton-Raphson Method (quadratic order)
Fixed Point Method: g(X)=x+ f(x)
P.=9(R)
We don’t know what r is.

Can we construct a special function g(x) which 9'(X,)=0
for sure even without knowing X,,. Therefore, from the above

theorem, a method of order two is obtained.
Let g(x)=x-0(x)f ().
9(06) =% ~0(%) (%)= X, ~6(x,)-0=%,
90) =100 (1) ~006) 10 =1-0(x,) ()

Thus

desired 0=9'(%,)=1-6(%,) f'(x,)

Choose ¢(x)= and thus g(X)=x—¢(x) f(x)=x- f(x)

1
f(x)
> g(%,)=%, and g'(%,)=0
§ Newton-Raphson Method (quadratic order)

Step 1: Take an initial guess P,,.

t(R)
Step2: P =qg(P)=P — n
p n+l g( n) n fr(P)

comared with the fixed point method: P, =g(P,)=P, + f (P,)




Pk

Fot1

.y f
the t t line: =——"2 = (P
(&) angen me X P ( )

f(R)
'(R)

Problem arises when f'(P,)=0 during the iteration.

X-intersection (y=0): Xx=P, —

§ Newton-Raphson Method (quadratic order)
Theorem: Let f (X) eC? [a,b], f (XO) =0andf ’(XO) # 0, then there

exists a >0 such that {Pn }:: converges to X, for any initial guess

0

P, €[X, —8,%, + 3] at least quadratically.

Question.1: We don’t know X,. We don’t know § either.
So, where is [X,—0, X, —0]?

We need to start the iteration with a good initial guess.

Solution: use low-order methods first such as bisection, fixed-point

method, etc, followed by the Newton-Raphson method.

Questi(;r;.Z: f'(x,)#0 and f'(P,) 7& Oﬁ.;equired
Theorem: f (x)  C' [a,b] has a zero, X,, of multiplicity r if and only if
F ()= F1(%) == £ (x,) =0 but £ (x,) %0.
Solution: Write f (x) =(x—X,)" q(x) where q(x,)#0.
let pu(x)=f(x)/f'(x)
Then p(x,)=0and p'(x,)=1/r 0.

Look for a root of f (X)=0? = look for a root of w(x)=0 !

= quadratic convergence ensured!

<Proof>: Writef (x)=(x—x )r q(x) where q(x,)#0.
p(x)=f(x)/f'(x)  Thenp(x,)=0andp'(x,)=1/r=0.

A(x)= (x=x) a(x) =)
(x=%) @ ()+r(x=x)"a() (x=x)a(x)+ralx)

(X {[GX—XU%’G&) +a(9)][r—ryert+ ra(x)]
[y e gt be )]
/(e +ra(x) |

Thus p(X,)=0and p'(x,)=1/r =0.




Apply Newton-Raphson method to pi(x):

IR 16

KOO ey (PN =101

g(x)=x-

Question.3: increasing rounding errors as P, = X,

because ‘f(Pn) and |f'(P, )| and possibly also | f"(P,)

"()

are very small.

§ Secant Method (superlinear order)

f(x) or g(x):x— 1(x)

Newton-Raphson Method: g(X) =X—— -
00 w'(x)

We want to avoid computations of f'(P,) and f"(P,)

t(P)-f(P
Replace f'(P,) by w

-1
Step 1: Take two initial guesses P, and P,

Step 2: let P, , :g(Pn):Pn_ f(Pn)' f

Secant method: P, =P, — f(P,)- ;

v

Theorem: Let f (X) eC? [a,b] and 3x, € [a,b] such that f (XO) =0,
f'(x,)#0, and f"(x,)= 0. Then the Secant iteration

converges to X, of order (1+\/§ ) / 2 (superlinear).

<Proof> Define e,,, = P,.,—X,= etror after n+1 iterations




Use Taylor’s series theorem:

f(R)=Tf(x,+P,—x,)=Tf(x,+e,)

/{)+f(x0)e +—f" (xo)e +-

f(P,)= f/o)+ )8+ O +

f(P)— F(P) =~ /(%) (e, )+%f”(x0)(er2]—eﬁ71)+...

e, — €, 1

f(Pn)if(Pﬂ-l) f’(XO)+%f”(X0)(en+en—l)+

1 [1+1fﬂ(X0)(en+en1)+“'J

TE L 2 F(%)

e, —€.; 1 _lf”(xo)
f(Pn)_f(Pnl)_f’(Xo)[l 2 f'(xo)(e”-‘_eﬂfl)"' ]

: ' [RKCON
(P )_f(x)e+ f(x)e+ _f(XO)e”[1+2f’(x0)e”+ ]

S R CN)
:enen[1+lfﬂ(xo)en+”}[l1 f”(x°)(en+en_1)+~}
2 £'(x,) 2 £'(x,)

1 £7(x,) 1 f7(x,) 1 f”(x)
e Q{zf(x P TP ) j 21x)

wiEL
B

1 f"(X)
e X ————€,6,_
n+l1 2 fy(xo) n*n-l1
~ for sufficient small e, and e _,

~ for sufficient large n

€1 = Cenen—l

Suppose the Secant method has a convergence order of a., that is

lim‘PnH _XO‘ — M

o ‘Pn )

o
n—o
el

|~ A"

n+1

For sufficiently large n,
Substitute into g,,, =Ce €, |

M| =[Cl-[e,]-(e.]/2)"

~le 1+1/a

le,

o
n n

1+/5

a=l+l/a = OL:TzlﬁZ




§ Secant Method + Bisection Method

Summary: by S
* bisection method o=1 ensure X, €(P,,P,,,)
. P P.
« fixed-point method a=1 B s =n ) =
* Newton-Raphson method o =2
* Secant method o=1.62

Step 1: Take two initial guesses a, and b, > f(R,)- f(P)<0.

Step 2: let P,., =b, — f(b,)- T b, —a,

bn)_ f(an)
){(%,ﬁﬂ)iff(a

) f(P)<0
(P.sb,) if f(b

Step 3: Choose (a,.,.b,.,
) (P ) <0

n+1°~n

X, €(a,,,.b,,,) always! X, €(a,,,b,,,) always!




§ Aitken’s A? method --- speeding convergence
Given: {P,} " isasequence converging to X,

Desired: A new sequence converges to X, at a faster speed.

where
AI:)n = F)n+1 - Pn
AZF)n = A(Apn) = A(Pn+1 - Pn) = F)n4r2 _2Pn+1 + Pn

AP, =A(A'R))

Theorem: Let limM =2, |X| <1,and P, —x, # 0 for all n.

0

Then {If’n} converges to X, faster than {Pn }:70 in the sense that
. -
. P —X
lim——C=0
n—o Pn - X,

. P.—X% P.,—X%
Idea: for sufficiently large n: —2—0 x 2 "0
n XO Pn+l - X()
2
X ~P — (Pn+17Pn)
0~ 'n
(Pn+2 - 2Pn-*-l + Pn)
2 2
5 _p_ (P —P) :P—(AP“)
! ! (Pn+2 - 2Pn+1 + Pn ) ! Az Pn
§ Aitken’s A? method --- example
choose f (x)=sinx—x- b %00,
w2k L Og B
Searching by the fixed-pi Sa Bog
5 " N SOy {Pn}
with an initial guess Py=( § ' | a LR
4 Sa Pog -
2 100 o X
A P..—-P &,
PnEPn_M Sl {f)n} AA |
(Pn+2_2Pn+I+Pn) ° AAA
0 10 2‘0 30

iteration time
P—>P—>P—>P —>P
A
R R PR

§ Application to Zeros of Polynomials
Given:nz1, P,(x)=a,x"+a,_ X"+ +ax+a,
Find: zeros of P,(X)

Apply Newton-Raphson method = need P (x) and Pn'(X)
n(n+1)

direct computation for P, (¢): n+(n—1)+---+1=
Theorem (Horner’s method): P,(C) desired
(I) bn :an and bk = ak +bk+l *c for k= n—l,---,l,O

need N® and n®




(ii) Define Q(x) =b,x"" +b, X" +---+b,x+b,
Then B, (x)=(x-c)Q(X)+h,
= P,(c)=hb, and P/(c)=Q(c)
example: Given P,(X)=2x*-3x>+3x-4 Find P,(-2) and P/(-2)

8 a a g 8
2 0 -3 3 -4

- a -2 -4 8 -10 14
2 4 5 -7
b, =a, +b., *c b, b, b, b b
-2 -4 16 42

§ Miiller’s method for complex roots with real initial guesses

Step1: Take three initial complex or real guesses P,P,,P,
Step2: Construct a quadratic polynomial passing P,,P;,P,
c.f. Secant method: a line passing P, and P,

Step3: P,,.; = the zero of the quadratic polynomial passing
Pn’Pn—I-Pn—z

Alternatively, when complex roots of polynomials P,(z) =0
with all reall coefficients are concerned:

* If z = a+ib is a complex root, so is z = a-ib.

P,(z) has a factor of (z—a—ib)(z—a+ib)=2z>-2az+a* +b’

Searching for a complex root?

Searching for a,fe R such that P,(z)=22-a.z—B is a factor of P,(2)!

Theorer;li:pGiven any P,(z)=a,2"+a, 2"+ -+az +e;0
and 2> —az-B
We write P, (2) =(2* —az—B)Q,,(2)+R/(2)
Q. (z)=b,z"*+b 2"+ +bz+b,
R (z)=b(z-a)+b,

b,.,=b

n+: 120

n+

b, =a, +ab,,, +Bb,,, for k=n,n-1---,1,0

Wanted: Find a pair of (o) such that by=b, = 0.

10



§ Bairstow’s method

Step 1: Take one initial guess of real (a,,B, )

Step 2: Compute {b, } . using (ct,,B, ). Check if b, =0 and b, =0
Step 3: Compute {C, }::;
{CM =c, =0
¢, =B, + oG, +PBiC., for k=n-1,n-2,---,1,0
Step 4: Compute J = ¢,C, — ¢ and

o, =0, +(gh, _CzbO)/‘]
Bi =B + (Clbo _cobl )/‘J

Given (a;,B;)
P.(2)=(2" —,2-B)Q» (2) +b (z— ;) +h,
3{bo:bo(o‘ia i)

b, =b, (O“i’Bi)

b, #0 or b, #0: need a new guess

o, =0, +oa
Let . We expect
Pin =P + 3P

bo(am’ i+|): bo(ai +30,B; +SB) =0
b ((xanm ) =D ((X’i +8a,B; + SB) =0

by (1, + 5B, + 58) by (0., )+ 50t 22 (a8, ) + 5B 2L (B, ) =0

da P
b, (a, +50.p, +8B)zb](ai,Bi)+6a2—2(ai,ﬁi)+6B%%(ai,[3i):0

0 for k=n+1Ln+2

=10
aa %(ak—’—abkﬂ-’—ﬁbkn) ,k:O,l,Z,---,n

=b,, +a 6221 +B% =b,,, +ac, +B¢.,
b.,=b. =0

n+2 n+1

b, =a +oab,, +pb,, for k=nn-1,---,1,0

0 for k=n+2

d Eabm _ls
& op a—B(ak_l+ocbk +Bb,,) ,k=n+Ln,.-1
= (x%-k[ﬁ—abk” +b,., =ad,, Bd,,, b,
op B
ob 0
Aot = 67[; = ;B(an +aby, + an+2) =0

b..,=b

n+l

=0

n+2

b =a, +ab,,, +pb,., for k=nn-1,---,1,0




Summary:
c :%_ 0 for k=n+1,n+2
¥ 6o b, +0c, +BC., sk=nn—1-10
:6bk_17 0 for k=n+1,n+2
o aB adk+l+Bdk+2+bk+l 7k:n=n717"'ﬂ1

¢ =d, for k=1,2,---,n+2
Further define d,= c,.

¢, =d, for k=0,12,---,n+2

o Y
bo(ah i)+6a£(ai’[3i)+6ﬁ (ais i)—O

op
ob ob,
b (a;,B;)+80—(a;,B; )+ p—(o;,B; ) =0
l(al |) (o8 aa ((x’l BI) BaB (a| )
. —%—d _ b, - b, +c,0a +C,6p =0
(P B us
b b, +¢,80+¢,38 =0

dou=(cb —c,b,)/J
8B =(cb, —c,b)/J

2
J=c¢,C, —¢

P.S. This method fails whenever J = 0.

§ Bairstow’s method
Step 1: Take one initial guess of real (OLO,[SO)

Step 2: Compute {b, }n:)

k

using (a,,B, ). Check if b, =0 and b, =0

Step 3: Compute {Ck }::)

Cn+l = Cn = 0
¢ =b,, +oC,, +BiC,, for K=n-1,n-2,---1,0
Step 4: Compute J =c,C, — ¢/ and

Qi = Oy +(C1b1 —Gyb, )/‘]
Bm = Bi + (CIbO _Cobl )/‘J

§ Newton-Raphson Method (quadratic order)
Step 1: Take an initial guess P,,.

f(R)
Step2: P =g(P)=P — n
p n+l1 g( n) n fy(Pn)

12



