Mean Motion
~ one-point-one-time statistics
~ essential and important but not complete

§ Reynolds (1894) Averaged Velocity
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Mean M otion

§ Reynolds (1894) Averaged Navier-Stokes Equations (RANS)

() Momentum: o, O(un)  1ap 10, o
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Mean M otion

1
T, =P (u,’ u; — 58” u, u, j = Reynolds (turbulent) stress tensor

~ the average momentum flux due to turbulent velocity fluctuations
~ the interaction (coupling) of turbulence with the mean flow
~ arising from the nonlinear (convection) term of Navier-Stokes equations

~ cause the closure problem

~ much larger than viscous stress except near very wallswhere O isnot small
X .

for generally large-Reynolds-number turbulent flows ’

Ou; + 617/'
Oox; Ox;

(Asu—0, 7; = u[ ] — 0 because u; does not fluctuate.)

Mean M otion

(c) Thermal energy equation
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molecular diffusion
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turbulent convection heat transfer




Mean M otion

(d) Turbulent momentum equations: total momentum — mean momentum
Dui _ouj _ ouj  13p' 10t

= +u = +=—L (2b)
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(e) Energy of mean motion = K
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pressure work turbulent transport
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Mean M otion

Energy of mean motion (no body force)

U;

DK - = —— 0.

+i —u;p+uu, aili+@ —upuju’

~ diffusion due to inhomogeneities
~ vanish when integrate over the whole flow domain

~ vanish in homogeneous turbulence

DK S —— Ou,
—=-2uS.S.. —| —puiu', —
P o K30 [ put ax/}

viscous energy cascade rate
dissipation (reversible)
(irreversible)

RANS (Reynolds Averaged Navier-Stokes Equations)
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Dt ot ox ox; \ p pOx;

(Here overbar represents an ensemble average.)

__ [ou; Ouj;)| mean viscous
j=H T—"| stress tensor
0 X 0 x;

1y =—puju’; +2pK3,; = Reynolds (turbulent ) stress tensor

W Zero equation

B One equation Model : model K-equation
B Two equation Model : K — equation + € — equation

W Reynolds stress models: model Tf‘j -equations




[ Turbulent (Eddy) Diffusivities ]

T.

—=2vS; v : molecular viscosity (Newtonian fluid)

p

~ fluid property

t

T —
4= 2,8, €, : momentum eddy viscosity (isotropic form)
p

~ field property

g’ =—pc,u; T'" = Reynolds (turbulent) heat flux

oT
=pc,ey 27 (isotropic form)

J

gy, - thermal eddy diffusivity

Pr, = £ut. _ turbulent Prandtl number
8H

§ Zero equation

» Mixing length models: €,, = ? |§|

9 Prandtl and Karman: 9 van Driest Model

Sublayer: I~y I~ Ky[l_ exp[— yA]] ; A= 26 for flat - plate flow
Overlap layer: [ ~ ky
W

Outerlayer: damping factor

[ =~ constant

A varies with flow conditions

(pressure gradient, wall roughness,
blowing/suction etc)




§ One-Equation Model

2
T, _ )
« Eddy Viscosity —=2¢,, S, (divergence-free)
Concept:

« dimensional analysis:

m?[s m’/s? m?/s?
« turbulent kinetic energy dissipation rate:
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« turbulent kinetic energy per unit mass K:
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§ One-Equation Model
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with 3 empirical constants (CK, Cy» CS/L)
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§ Two-Equation Model
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& turbulent diffusion terms:
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§ Two-Equation Model
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§ Reynolds-stress Model
RANS (Reynolds Averaged Navier-Stokes Equations)
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Model ri-j equations directly.

Reynolds stress tensor equations
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& turbulent diffusion terms:

sec a
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§ Reynolds-stress Model
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§ Algebraic Stress Model

Assume negligible turbulent convection and diffusion

i
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" ox ox, 3 7Mooy

~ algebraic equations for the Reynolds stresses ~

m
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[ Turbulent Prandtl Number Pr, }

Kays, ASME J Heat Transfer 116, 284-295(1994)

Temperature data from two ditferent experiments with air.
i | No pressure gradient
: | | No blowing/suction
| ‘ No surface curvature

|
“Law-ol-the-Wall", U» = 2.4¢ InY+ +5.0

| 1 o

| | o
= i 1 =3

! | a

| 1 o 1

o

In log-region:

u"=244Iny" +5.00
T =Clny* +C,

!
s —puv' = 1,

. o
4o —PCPVT ~ 4o

[

~rl
1 100 1000 10000
Y+

Fig.1 Example of determination of turbulent Prandtl number from slope
of T* curve in the “log” region, data of Blackwell et al. (1972) Pr =

g, uVoTjoy G

t

e, VT -0i/dy 244

[ Turbulent Prandtl Number Pr, }

Yakhot et al (1987): Renormalization Group Method

_ d+g, /v
Pr, = —SM ~ . T
P, Pr
1 [(er, -11793)]" [(ver, +21793))
l+e, /v | (YPr-1.1793) (YPr+2.1793)

Pr, > 0.85 as Pe, =pr.fu _fu o
\% a

Pr. T at small Pe,

fitting curve: Pr, = 0.7/ Pe, +0.85

12



[ Turbulent Prandtl Number Pr, }

& Moin, Bell, and Kasagi data from approximate "log" region; Pr-tis considerably lower at center-line of
> duct and in the waka)

¥ T =

SR ‘ =
Pr-t=0.7/Po-t + 0.85 :
S T ] [ 11
v g 7 J T 1 ‘
AN LT |
Yakhot equation ——- ki & Moin, DNS, Pr =0.1 =]
———Pr=0001 Z T o
= ] T 7 ——H
[ \P[ I 4 b~~~ g I // Ball, DNS, Pr=0.1 | [
=001 . i
‘\ ! T <
LA LT
= as s Pr=0.1 :
:
H

Kasagi, DNS, Pr = 0,025 ——

|
I

1
T
L

.01 a1
Pe-t
Fig. 2 Analytic solutions

Yakhot vs DNS data (low Reynolds numbers)

[ Turbulent Prandtl Number Pr, }

Two branches at e

(Data excludes wake and pipe center-line + Bramhorst

. except for Bremhorst and Sheriff & Kane.) ®  Sheriff & Kane
low Pe 1R AT
tr Pri=0.

TIPe+ 085 i i [l Data in "log" region
e :
\L [, Prt=2. ; a-:! J"E i & Fuchs
_ 7 T ©  Buhr 50000
Prt O7/P€t +0.85 : = o Buhr 100000
N [a! ©  Buhr 200000
- ) g
Prt ZO/Pet + 085 L \Ip I f 8 Snijders
i i1l $ B i + Fulachier
(- -8 + Gowan & Smith (air)
: Ot a0 * Slsicher (air)
] il * Gowan & Smith (14.3)
T O Hollingsworth (5.9)
° Roganov
O Zukaust

9 Sleicher (0.0224)

T A Hochrsiter

I 0.0058 <i br.s ls O Brown et al
1 AT . Hishica

B 1 100 1000 10000

" pe-t
Fig. 4 Turbulent Prandtl number in the “logarithmic” region,
0.0058 <Pr<65

(experimental data of fully developed pipe flows and external flat-
plate boundary layers)
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[ Turbulent Prandtl Number Pr, }

100 T I T T
i 1 Pr=0.0153 (Nak) — T Constant heat rate )
1 11y i — — | EPI
T TTIT0 . E I A
B | 1 (AR | ’5—
—— 1 —E
|l Pr4=085 11l ‘ HI
| ] ' Tt T
1
T T 1
i 5 | ):/_, ‘ 1
| //w =
Nu 10 ! ] ? |
— S Pret = 20Pe-t + 0.85 T H
e — -
o I [ ]
T 111 | [ [
| I 1T |
T T H T T
i | { I | !l ‘ | |
LT REH ! |
R i
; | | L1 ! L L
1000 10000 100000 1000000

Re
Fig. 5 Skupinski et al., experiments

fully-developed flow in circular pipes with constant wall heat flux
mixing-length eddy diffusivity model
Py, =2.0/Pe, +0.85 used across the entire pipe

Nu decreases with increasing Pr, .

[ Turbulent Prandtl Number Pr, }

100 = = : —
j_%'o 023 <Pr< ,624; (N;IQZ T Constant surface temperalure P ——|
i i piate 1 I | I 1]
I ! =] | 1 H
! [ i [l 1
Prt = 0.7/Pe-t +0.85 ! i ‘ ; i
i R EN i /“ L
‘ Pri=0gs | | | 1 ] | INEERIEE
| ‘ -1 A i s 0 i
i BN B 1o 1 |l 38
! R g 8 i g Pri-20Pe1+085 | 1
Nu 10 - ‘f = ! : — - 1
= T i i
I 5
Lo | I 1 1 1
| 1 s
1 ! ]
| | | 4
P i It
| ] [ | ] M.
| | 1 1 | : Li 4
Bl EREEEIN
! i | LIl 14
10000 100000 po 1000000 4
i
Fig. 7 Sleicher et al., experiments 4
A

fully developed flow in circular pipes with constant wall temperature

thermal boundary condition effect?
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[ Turbulent Prandtl Number ] W. M. Kays, “Turbulent
Prandtl number—where

. _ arewe,” ASME J. Heat
Constant model: Pr,=0.9 Transfer 116, 284 1994,

Kays-Crawford model:

1 1 2 1
Pr, = +CPe, —(CPe,) | 1-exp| ———F——
2pr,, pr,, (CPe.) [ [ CPe, | Pr,, H
— SM
Pe, =Pr'7 This model has been calibrated for
equilibrium turbulent boundary layers
C=03 for use with the mixing-length

) o turbulence model. It works equally
Pr —0.86 for gases and light liquids, well for turbulent flows with one- and

o and for Pr<0.6 (liquid metals) |2-equation turbulence models. This
option is not recommended for
transitional boundary layer flows or
flows with pressure gradients, or for
100 liquids with Pr > 10-20.

Pr Re®8

Weigand correction:

Pr, =085+

[ Turbulent Prandtl Number Pr, }

= | ‘ | ~ ln‘dlna;'sboln r;ear—wall a‘né\;aiu; regions ‘I : ! ‘il ' A mar ked
|| Hi[escserpmti | swewe  increasein P,
1 ‘I i ; T [ T * Snijders
‘ | | | | ‘-{rjﬁl Ka‘ys&ICriMoro E‘qlualion| | ‘ I‘ ol for y+<30|
| i R a | ||‘ & Fulachier
‘ | MRl | Kim & Moin duct flow, DNS t ! + Gowan, & Smith
= T LTI R e
v | IS T sz aphenomenon
o | b3 wm 1| I R P 1 not seen from
| oG 300085 oo |
TRERGESTT we theDNSdata
, LU ¢ b, 44
o T
R LU 1 bl
iBa\lboundary!ayst.DNS | ‘ i“ i | H\
0 + i '

1 10 Y+ 100 1000

Fig. 9 Pr-t data for air

Hishida: pipe flow
Others: external boundary flat-plate layers




[ Turbulent Prandtl Number Pr, }

3
| [
|
o
[}
2 [o]
- a
..
o ’b‘ Hi
ishida, Air, Pr=0.7
T S T
1 Hollingsworth, water t
Pr=0.7 O I mm N x W T ek
0 fog %
O00Como
Blackwall, Air, Pr=0.7
|
|
|
LE -
1 10 100 1000

Y+

Fig. 10 Comparison of data for air and water

The datafor water are amost identical to those for air!

[ Turbulent Prandtl Number Pr, } Seicher and R i
echer an ouse corr 1on:

* large Pr Nu =5+0.015Re" Pr*
e i a=0.88-0.24/(4+Pr)
EB‘H:KUE )Eosofv?aaaw::rrqrf“ < [:?-r\.):n D:i;il‘lcr Y+ »ls I
\
|Hg =‘38L 1‘7:‘; all Calculated
- L] Slaicher & Rouse
z . .
Ao = 81611~ | 1TTh
| 1 . e . .
= [ Gnidinski correlation:

A A ~ (Re-1000)Pr-c, /2

all the way to the wall

Same Pr-t but using Van )Driast 8q
{10+127 e, /2(Pr**~1.0)}

10 100 1000 10000
Pr

Fig. 19 Fully developed flow in a circular tube

* Pr, becomes |ower
and approaches 1.00

¢ As Pr increases, the temperature profile moves
peglren at thewall.

closer and closer to thewall but still &, >> a.
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[ Turbulent Prandtl Number Pr, }

Remark:

* Pr, appearsto be primarily afunction of aturbulent Peclet
number Pe,.

* Pr, approaches to a constant value of about 0.85 at very large Pe,.

« Atsmall valuesof Pe,, Pr, increases indefinitely.

* Pr, becomes |lower and approaches 1.00 at the wall.

» A useof the“log” region Pr, is usually sufficiently accurate.
» There may be a pressure gradient effect on Pr,.

« Blowing/suction has little effect upon Pr,.

« Surface roughness has little effect upon Pr,.
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