Appendix
Al. Proof of Theorem 1
The cost function J of (7) can be expanded as follows:
J=[XT uT]{R ST}F}: XTRX +U"SX + XTSTu+u"Qu. (A1)
S Q|u
Using an intermediate term X "STQ™SX , (A1) can be rearranged as:
J=(u"+X's"TQ*)Q(u+Q7'sX )+ X" (R-S'Q'S) X, (A2)
where the second term of (A2) is independent of control u, while the first term is always greater
than zero because Q is positive definite (Q>0). That is,
(u"+X7S'Q*)Q(u+Q'sX ) =0,
Therefore, the minimum cost can be achieved by setting u=—Q™SX such that the first term

is zero and the minimum cost is:

min J =X"(R-S'Q's)X.



A2. Dynamics of the 2D STS model

Refer to the 2D STS model of Fig. Al.

(a). Setting point A as the origin of the coordinate system X and Y , the positions of the CoMs

of the leg, thigh and trunk can be represented as follows:

Q, =(l,c086,)i +(1,sin6,)],
Q, =(L,c0s6, +1,c086,)i +(L,sing, +1,sind,) 7], (A3)
Q, =(L,cos8, + L cos b, +1,c0s6,)i +(L,sin6, + L;sin6, +1,sind,) J.

(b). Taking derivatives of (A3), the velocities of the CoMs are:

Q, =(—1,6,5in6, )i +(1,6,c0s6, ),
Q,= (~L,6,5in 6, = 1,0,5in 6, )i +(L,6, cos 6, + 1,6, cos6,) J, (A4)

Q, = (~L,6,5in 6, - Lf,sin 6, —1,6,sin 6, )i +(L,6, cos b, + L6, cos 6, +1,6,cos 6, ) ].

(c). Taking derivatives of (A4), the accelerations of the CoMs become:

Q, = (—1,65 cos6, —1,6,sin 6, )i + (1,6 sin 6, +1,0, cos 6, ) J,
Q,= (—L,67 cos 6, - L,6,sin 6, — 1,6% cos 6, — 1 ,6,sin 6, )0

N
Q4 =(-L,62cos8, — L,d,sin 6, — L% cosé, — Ld,sin 6, - 1,62 cosd, — 1,4, sin 6?4)7
L +(-LGIsing, + LG, cos6, — L6: sin 6, + L g, cos 6, 1,67 sin 6, +1,6, cos 6, ) ].

A

—L,6; 5in 6, + L6, cos 6, — 1,6 sin 6, + 1,6, cos 0, J,

Applying Newton’s Second Law (XF=Ma, XM=l ) to the free-body diagrams of the segments

results in the following dynamic equations:



(1). Trunk

2R iR, =m, 'Q4xv
2F, 1Ry, —-m,g=m,-Q,,,
Mg 1M +R, -l,sing, - R, -1,c056, =1,-6,.

(2). Thigh

ZFX : RBx - RCx = mS.QSW
2K, : RBy - RCy -m,g = m3-Q3y,
IMg Mg =M + R, (L —1;)cos b, + R, (L; — ;) sin 6,

lRa
Rec

Mc

+Ry,15C086; + Ry I, sin 0, = 1, - 6.

Mg

(3). Shank

IF, iRy — Ry =M, -Q,,,

2F, 1R, — Ry —m,g=m,-Q,,,

IM, M, —M; + R, L,sing, —m,gl, cosé,
—Rg,L,c080,=1,-6,.

mg
l ZF, :F,-R, =0,
R.. o 2R :F -R,-mg=0,

M, (F,-mg), -M,=0.

My



Line CoM Length Angle
Foot AE Q1 L,
Leg AB Q2 ) 02
Thigh BC Qs Ls 03
Trunk CcD Q4 L, 04

Alell’ AQ2:|2$ BQ3:I3’ CQAZIA'

Fig. Al. Derivation of the 2D STS dynamic model.



